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Abstract

We study the bending of a thin plate, stiffened with a thin elastic layer, of thickness §. We describe the
complete construction of an asymptotic expansion with respect to ¢ of the solution of the Kirchhoff-Love
model and give optimal estimates for the remainder. We identify approximate boundary conditions, which
take into account the effect of the stiffener at various orders. Thanks to the tools of multi-scale analysis,
we give optimal estimates for the error between the approximate problems and the original one. We deal
with a layer of constant stiffness, as well as with a stiffness in §*.

AMS subject classification: 74K20, 35C20.
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1 Introduction

The structures studied in engineering are often made of materials covered with thin layers. Their mathe-
matical modelling is a problem of outstanding practical importance. However, from a numerical point of
view, such problems require the discretization of the thin layer which needs very thin meshes and may lead
to very expansive calculations.

An alternative well-known approach consists in deriving approximate boundary conditions that incorpo-
rate in an approximate way the effect of the thin layer and permit to remove the mesh constraints on the
discretization. More precisely, we seek an approximate problem posed on the interior domain (i.e, not in-
cluding the thin layer) but taking into account its effect via these new conditions.

The idea of introducing this type of boundary conditions which can be substituted to the thin layer has
been widely used in numerous studies, mainly in electro-magnetics and mechanics, see for instance [6, 3]
for the Helmholtz equation in acoustics, [2, 8] for Maxwell equations, and [12, 11, 13, 7, 14] in structure
mechanics, see also [16, 1, 15].

It is also worth noting that there is a hierarchy in these boundary conditions: the greater the order, the better
the approximation. Moreover, they lead to non standard boundary value problems in which the boundary
conditions involve tangential derivatives of order greater or equal to that of the interior differential operator.

The purpose of this paper is to describe the application of an asymptotic method, for identifying approximate
boundary conditions within the framework of linear elasticity. To begin with, we consider a two-dimensional
model; referred as the Kirchhoff-Love model, for an elastic plate surrounded by a thin elastic layer. The
middle surface of the plate is denoted by 2. The boundary of 2 consists of two disjoints parts, I'y and
I', assumed to be smooth. For § > 0 sufficiently small, the elastic layer Q9 derives from a uniform dilation
of I'y in the normal direction, with thickness §:

QO ={z+rn(z); reTyand0 < r < §},



Figure 1: The plate and the thin layer.

where n(z) denotes the normal vector at point z on 'y, outer from €2, ; the external boundary of the domain
Q9 is I's and the whole domain is Q° = QL uUTyu 09 (see figure 1).

These two elastic bodies are perfectly “bonded” along their common boundary I'y, thus forming together
an elastic multi-structure, viewed as an elastic plate of middle surface °. This plate is clamped along its
interior boundary I' and is motion free on its exterior boundary I's. The equations given by the Kirchhoft-
Love model for the displacement w® (which stands for the bending of the plate) read as follows (see [10, 9])

DFA%wd = f inQ,,

D=A%w® = 0 inQ?

[w’] =0; [0p,w’] =0 onTy,

MF(wl)=M"(w?); TT(w%) =T"(w’) onTy, )
Mw®)=0; T(w’) =0 onTs,

w® =0; 0w’ =0 onT,

where 0,, denotes the normal derivative along n = (n1,n2) and [ ] the jump across I'p; the loading f
belongs to L2(Q, ) (we will see that further regularity is required for the asymptotic analysis). The trace
operators M and T denote respectively the bending moment and the shear force, and have the following
expressions:

D [A + (1 — Z/) (2’/11”2812 — n%@% — n%&f)] s

T = D [3nA +(1-v)o, ((n% —n3)012 + ning (02 — af))] ,
where D = %, E being the Young’s modulus and v € (0, %) the Poisson’s ratio; 0, denotes the
tangential derivative. We assume that the elastic coefficients F and v are piecewise constant: £ = E in

Qyand E_in Q% ; v = vy in Q and v_ in Q% . The Poisson’s ratio is independent of § and we will
successively consider the two cases for the Young’s modulus:

e the coefficients £+ and £~ are independent of ¢ ;
e the coefficient E* does not depend on § and E~ = O(671).

The second case is more interesting because it stands for a layer which is at the same time very thin and
very stiff.
Hence, D is piecewise constant, and we set

2F 2F_
+ and D_ =

Dy = 3(1—v2) 3(1—v2)

The relations along I'g, which formally express the continuity of the displacement w, of M, T and 0,, along
the common portion of the two boundaries are called transmission conditions. The first condition along I'y



shows in particular that we are modelling a situation where the inserted portion of the layer is “perfectly
bonded” to the plate : we are thus excluding situations where the inserted portion could slide along, or part
away from, the plate.

As was already pointed out, our aim is to identify and justify boundary conditions on I'y for problem (1),
which approximate the effect of the thin layer. We use the technique of multi-scale expansions (see [17,
18, 4]) to build an asymptotic expansion (in powers of §) of w?, solution of (1), as J tends to 0; then we
have to estimate the remainder after cut-off at a given order. The approximate boundary conditions are
then obtained by considering the series given by its asymptotic expansion, truncated at a given order. The
conditions satisfied by this approximation on I'y give the desired boundary condition.

The article is organized as follows. First, we set the variational framework used to solve problem (1) and we
give the expressions of the operators in local coordinates on the boundary I'y. Then we build the asymptotic
expansion of w® and give optimal estimates of the remainder, based on a priori estimates. Finally, we derive
and justify approximate boundary conditions for problem (1) from the first terms of the expansion.

In the following, for m € N, H™(w) denotes the standard Sobolev space of order m in the open set w,
endowed with its natural norm || - ||,.:

2 a2
ol = D 19%wlga)-

la|<m

2 QOutline of the results

We expose here the main results of our paper (for detailed statements, error estimates, and proofs, see
sections below). Basically, we sum up the approximate boundary conditions obtained for Problem (1), i.e.
such that the solution w of

Dy A%y = fy in 4,
Approximate boundary condition (ABC) on Ty,

Wy =0; Oy =0 onl,

. . . 6
gives an approximation of w9 .

2.1 Case of a constant Young’s modulus

When the coefficients ET and E~ do not depend on §, problem (1) converges towards the limit case
& = 0. This boundary value problem can be seen as the order 0-approximate problem for (1). The boundary
condition on I' is merely the Neumann conditions inherited from the stiffener:

(ABC) N M+(YI}+) =0 and T+(1I]+) =0on Fo.

Of course such an approximation is not accurate since it simply omits the effect of the thin layer.
A better approximation of wi is given by the first order condition

(ABC) : M (i) + 6Qo(4) = 0 and Ty (i1 ) + 6 Py(4) = 0 on T,

where the operators Py and ) are given in the local coordinates (s is the arclength, c(s) the curvature, O
and 0,, the tangential and normal derivatives, respectively)

Qo = —D_[2(1 —v_)d; (050n — c(8)0s) — (1L — v2)e(s) (92 + ¢(s)0n)]
Py = —D_[(1—v2)32 (8 +¢(5)d,) +2(1 — v_)ds [e(s) (958 — ¢(5)0,)]] »

Here, the approximate boundary condition depends the thickness § of the layer and, through Py and g,
takes nontrivially into account the effect of the stiffener. Tangential derivatives of w, and 0,w4 are in-
volved, they may be interpreted as the bending and torsion contributions of the thin layer. The wellposed-
ness of this problem, as well as optimal error estimates in strong energy norm, are given in section 5.
Higher order conditions may also be derived, but technicality increases drastically and their mechanical
interpretation gets less clear.



2.2 Case of a Young’s modulus in 6!

It is more natural to consider a Young’s modulus blowing up in the stiffener as § goes to 0. Actually the
right scaling is E_ ~ 6!, where the mechanical coefficient exactly compensates the thickness of the layer.
It turns out that the limit as § — 0 of Problem (1) involves itself the operators Py and () defined above and
the associated zero-order approximate boundary conditions is nontrivial, it writes

(ABC) : My (w4) 4 Qo(w4) = 0 and T (w4.) + Po(w4) = 0 on T,

It is worth noticing that the major effect of the stiffener contained in operators Py and () is now seen since
order 0 whereas it only appears at order 1 for a constant Young’s modulus. This corresponds to the natural
physical idea that the high rigidity of the stiffener emphasizes its effect on the plate. Besieds, a condition of
order 1 is derived in section 6, which involves higher order tangential operators, see (24).

2.3 Behavior in the stiffener

The approximate boundary conditions presented previously give information about the global mechanical
behavior of the stiffened plate. Indeed, they provide a hierarchy of approximate problems which replaces
the effect of the stiffener with more or less accuracy. Nevertheless, such approximate problems only give a
representation of the displacement inside the plate, and nothing in the stiffener.

Actually the asymptotic expansion built in section 4.2 (and leading to the approximate boundary conditions
just under discussion) also gives a precise description inside the stiffener. Precisely, the displacement in
the layer admits the following asymptotic behavior in local coordinates (we do not give any sense to the
convergence of the series, the notation only means that the error is small when truncating at a fixed order)

=> 8" Py(r)u(s)

>0

where (7, 5) are the normal-tangential coordinates in 2% , Py is a polynomial of degree less than ¢, and ),
are smooth functions on the boundary I'g. Such an expression has the particularity to be cartesian in the
Frénet coordinates, with polynomial dependence towards the normal variable. This allow to easily obtain
bounds on the displacement and its derivatives and can therefore be useful for addressing local properties of
the material such as crack initiation (in this case, the dependence of the tangential functions 1)y needs also
to be precised).

3 Preliminaries

3.1 Existence, uniqueness, a priori estimate

In order to obtain remainder estimates for the asymptotic expansion in section 4.2, we will consider more
general right hand-sides in the problem (1):

DTA%w) = fy inQy,

D-A%w = f_ inQ?
[ =05 [0,w’] =0 on I'g,
M*(wl)=M"(wd)+g1; TT(wl)=T"(w?)+g> onTy, @
M( ) =h; ( °) = ha on T,
w®=0; d,w’ = onl.

We define the following functional space
W={ypecH*(Q%); =0, =00nT}.
Let w € W be a solution of the problem (2). Integrating by parts, we get for ¢ € W,

/D (A%w) ¢ dz = a(w, ) + / [T(w)y — M(w)d,¢] do
el

o0’



where the bilinear form a is given by

a(w, ) = /D [ (07w + vd3w) 03 + 2(1 — v) 1w 0129 + (D3w + vIFw) 8377/1} dz. 3)
Qs

The variational formulation of problem (2) reads

Y eV, a(w,y) = (F¢), “)

with the linear form F':

(F ) = f+wdx+/ f-wdx+/ <gzw—glanw>do+/ (ha b — by i) dor
Q4 Qs r

To 5
The following theorem gives a coarse estimate — but sufficient for our purpose — for problem (4)

Theorem 1 Let f € L2(Qy), f- € L2(Q%), g1, 92 € L%(To) and hy, hy € L2(T's). There exists a unique
solution w® € W for Problem (4). Moreover, we have the following a priori estimate, with a constant C,
independent of 6 € (0,1):

[0llyqs < C(Ifsloq. + I-|

PROOF. This is a straightforward application of the Lax-Milgram lemma: the form F' is obviously continu-
ous on W, its norm in W’ being bounded by the right hand-side of inequality (5). Furthermore the bilinear
form a is continuous and coercive on W: thanks to Dirichlet conditions on I', a Poincaré inequality holds
in 9, independent of § (since the measure of the domain 2 is uniformly bounded for 0 < § < 1). |

0,Q- + Hglno,ro + Hg2”o,r0 + thno,ra + Hh2||0,r5)- &)

We have seen that equations (1) define a well-posed problem in H2(Q2?), for fixed § € (0,1). In the next
section, we focus on the asymptotic analysis of the solution w® when the thickness § of the layer goes to 0.

3.2 Expressions of the operators in local coordinates

Depending on the thickness d, the functional setting of our problem is not suited for giving a precise meaning
to an asymptotic expansion of the solution. Hence, the first step of the analysis is a scaling inside the thin
layer in order to remove the dependence of the space domain on the small parameter §. So, we will perform
a dilation in the normal direction of the layer Q% (of ratio 6~ 1) to get a fixed geometry. To achieve this

goal, the use of Frénet coordinates is needed. The operators involved in problem (1) can be expanded into

powers of &, which is the first step towards the construction of an asymptotic expansion for w?®.

3.2.1 Frénet coordinates

We denote by t and n the vectors respectively tangent and normal on I'. They are directly orthogonal:

t:( n2) and n:(m).
—ny n2

We recall the Frénet formule defining the curvature ¢(s) at the point on I'g with arclength s.

dt d

L= —c(s)n and d—rsl = ¢(s)t.

We denote by (s, r) the curvature onI', = {z + rn(z) ; « € o} at point (s, 7); we have the identity
c(s)

c(s,r) = T re(s)’

As a mere consequence of the Frénet formul, we get the expressions of the cartesian derivatives 0, = 3%1
and 0y = 8%2 in the local coordinates:

(‘91): ey ™ (as>
02 ety "2 )\ 0

S



We deduce the expression of the bilaplacian

1 1 5 rd(s) oo )
(1 —|—rc(s))as ((1 —|—7”c(5))2as (1 _an(s))gas) + (s, 7)0r + 0;

1
T re(s)

A? =

cls, T - 1 2 TC/(S) cls, r 2-
+c(s,7)0; (HTC(S))QQ (Hm(s))gaﬁ (8,7)0r + 0;

_ / _
wor | — L e Ty (s )0, + 02
(1+re(s)) (1+7re(s))

as well as the expressions of the trace operators M and T":

M = DA+(1-v)d7],

B ., 1 ) 1
T = D|%A+( >1+rc<s>as< (1+rc<s>>288+(Hre(s))a”)]'

3.2.2 Expansion of the operators into powers of §

Thanks to Frénet coordinates, the thin layer reads in a tensorial way:
Q° ~ Ty x (0,0).

Introducing the scaled variable — or fast variable — y = %, we obtain a fixed domain I'g x (0, 1). We notice
that the normal dilation is performed in the Frénet variables, not in the physical domain Q_itself. Indeed,
since we did not assume any convexity, the domain ! might not be well-defined (nevertheless, we could
work in Q% for & sufficiently small).

Let W denote the function defined in Ty x (0,1) by

WO(s,y) = w’(s,7).

The dilation r — y maps the exterior layer (25 into a fixed domain; the small parameter § is now involved
in the equations. Hence, the biharmonic operator expands into powers of d:

1 1 1 1
2 A A A2 A A sA

A“ =
54 93 2 ]

The first terms are given by — we write ¢ for ¢(s)

A~ = 0

A3 = 2083 ;

A% = 207 (8;) +c? 35 - ycas —c? 8j(y8y) ;

ATh = 92(cy) — 2yc 02 (02) — yc 95(02) + c0,(92) — y O

0, (y0y) +y> 9 —2¢0,(y07) — ¢ Do (y 0s) + 0 (y° By) ;



AV = 0 —2ycd(cdy) —yB2(c®9y) + 3y°c® 92 (0) — yc' Ds(cdy)
+3ycd 05(07) — 26 0, (y 82) — yc® 8,(07) — cc’ Dy (y Bs) + * By (y* By)
+yct 9, (ydy) + y3ct 0p — yict 02 + 3?0 (y* 02) + 3cc O] (y? )
2P0,

AY = —2902(cd) +2yc Oy —y 03 (' 0s) + 7 02(° By) + 2y 02 (P D)
+3y%c? 02(c9y) — 4y 02 (0%) — yc' 92 + y*¢ 95(c® 9y)
+3ycd 0s(cdy) — 6y 85(97) + 3¢ 0, (v 92) + 2yc® 9, (y 03)
—y%c® 0,(02) + 3¢*c 0, (y* 0s) + yc2c 9, (y 0s) — ¢ 9, (y* 9,)
—yc® 0y(y* 0y) — y?c® 0y (y 0y) — y°c” Oy + y'c” 9y
—4c* 07 (v 07) — 6¢*c' 9, (y° 95) + 9 (y* 9y) -

The trace operators also expand into powers of §:

M = %M*M %M*l + MO 4 oM + 62 M2 + - -
T o= syl le o s
03 02 1)
with
M= = D_0;;
Mt = D_v_coy ;
M = D (@ -y,
M' = D_v_(-2ycd? —ycd s +v_y*c*d,) ;
M? = D_v_(3y*c02 + 3y*cd 0, — y*c'0,) ;
T = D_8;;
T2 = D_caj ;
7' = D_ [8,,(832) — 0y (y028y) +(1- u,)ay(af)] ;
T° = D_[0, (—2ycd} —yc' 05 + y*c® 8,) + (1 — v_)0s (cOs)
(1= ) (2ycdy 02 + yc' 8,9)]
7! = D_[0, (3y°c* 02 + 3y*cc 95 — y*c 0,) + (1 — v_)0s (—2yc® Os + y>c® Dys)
+(1 = v_)ycds (cds) + (1 — V—)yQCQ Os (8218) + (1 - V—)yzcas (CayS)] ;
T2 = D_[0, (—4y>c 92 + 6y’cc 05 + y*c® 9y) + (1 — v_)0s (—3y>c® 95 — y° 2 D)

—(1 —v_)ycos (2y02 ds) — (1— v_)y?c? 0, (c0s) — (1 — v_)ycds (y202 Dys)
—(1 = v_)y?c® 0, (yeOys) — (1 — v_)y>c® 95 (0ys) |-

The expansions into powers of § given in this section are formal (we do not give a sense to the convergence
of the series). This point of view is generally adopted in multi-scale analysis; it allows to build (and prove
the convergence of) the asymptotic expansion, see next sections.

4 Construction of the asymptotic expansion

First, we consider the case where the Young’s modulus is independent of the thickness §. In the previous
section, we have introduced the scaled variable y = 5, which maps the geometry onto a fixed domain; the



small parameter § is now involved only in the equations, see the expansions of the operators in section 3.2.2.
We aim here at describing an algorithmic procedure to build the terms of the asymptotic expansion of the
solution of problem (1).

Since the expansions of the operators A2, M and T only involve integer powers of § (see §3.2.2), we seek
an expansion of the form

wi = Z d"w?  and we = Zé”Wﬁ, ©6)

n>0 n>0

we recall that the function W denotes the transform of w™ in semi-scaled variables (s and r stand for the
tangential and normal variables, respectively):

w® (s,r) = W2 (s,6 1r).

Inserting the ansatz (6) into the equations (1) and identifying the terms with same power of J, we obtain

D A?w? = fyifn=0andOelse in€y,
Azt = - Y AMWE S for0<y <1,
k+e=n—4
k> -3
wr=wh ; 9,Wr=0,w}"  only,
My(w?y) = > MW’ on T,
k+b=n
- )
Ty(w?) = > T'W! on Ty,
k+l=n
MW = - Y MW onT,
k+l=n—2
T3Wr) = - > T'W onT_,
k+l=n—3
wi =0 ; Guuwl=0 onI.

4.1 The first terms of the expansion

We detail here the construction of the first terms of the expansion. In the equations (7), the transmission
conditions for the normal derivatives, as well as the operators M and 7T, involve different order terms,
thanks to the shift in the powers of 4. It allows an alternative resolution in each subdomain Q% and Q...
The operator 1" being of order 3, we need to know W* for £ = 0, 1,2, 3 to define the term T+(w0+). For
this reason, we start by looking for the first four exterior terms.

For n = 0, equations (7) give the following problem for the exterior part W°

D_9g,W(s,y) = 0 for0<y<1,
D_93W°(s,1) = 0, 8)
D_2WO(s,1) = 0,

which leads to W2 (s,y) = a®(s)y + 8°(s), where o and 3° are functions of the arclength s. Taking into
account the transmission condition for the normal derivatives on T'g, we deduce 9, W™ (s,0) = 0, whence

W (s,y) = B°(s).
At order 1, the equations satisfied by W! are the same as before, see (8). Thus

Wl(s,y) = ot (s)y + B(s).



At order 2, a non-zero right hand-side appears, due to the terms M°W? and M ~'W1': W2 solves the
problem

D_9,W2(s,y) = 0for0<y<1,
D_3W2(s,1) = 0,
D_agWE(s, 1) = —-D_0%(s,1),

with D_6° (s,y) = MOWO+ M W' = D_ [v_9823%(s) + v_c(s)a’(s)] (which, here, does not depend
on the transverse variable y). Thus, we can find two functions of the arclength o and 32 such that

W2(s,y) = =562 (s, )y* + a*(s)y + 5°(s).
We now look at order 3; we set

L(s,y) = TWe 4+ T "W +T2W2,

0L (s,y) = MW+ MW! + M'W2.

Then W2 solves
D,G?‘J‘Wf(s,y) = 0for0<y<I,
D_0yW3(s, 1) = —(L(s,1),
D_92W3(s,1) = —0'(s,1),
so that it reads
W2(s,y) = —CL(s,1) (59° — 3¥°) — 30 (s, 1)y” + @®(s)y + 5°(s),
where the functions o and 32 have to be determined.

We now write the problem solved by the first interior term:

D+A2w3 = f+ in Q+,
M () = 0%.(s) ; T4 (wd) = (3(s) on T, ©
wl =0; 9wl =0 onT,

where the data (0%, ({) is defined by

0% (s) = (M72W2+M WL+ M'WO) (s,0)
= D_[-0°(s,1) +6°(s,0)]
= (),
Us) = (TPW2+T°W2+T'WH+T°W?) (s,0)

= D[ (s,1) + ¢ (s,0)]
= 0,

by definition of ' and (!, since these functions do not depend on y. As a consequence, problem (9) is
nothing but the bi-harmonic problem in 2 with homogeneous Dirichlet conditions on I and homogeneous
Neumann conditions on I'y; it uniquely defines wﬂ. The transmission conditions on I'y allow to determine
the functions 5% and o':
0(c) — o0 1rg) — 0
B(s) = w+’FO et a(s)= anw+’F0.

Coming back to the exterior part, we set

?(s,y) = (AW3 + A72W2 + AW 4+ A'WO) (s,y),
C(s,y) = (T'We+TWE+T7'W2 +T°W2) (s,y),
0% (s,y) = (M°W2 +M'WE+MW2+M W3 (s,y),



so that W* solves the problem

D_9yWi(s,y) = —¢(s,y)for0<y<1,
D_93Wi(s,1) = —(%(s,1),
D_2Wi(s,1) = —02(s,1).

Thus W* admits the following expression
Wi =5 (Fy* = 30"+ 39°) 02 (s,9) — (s, 1) (50° — 30%) — 302 (5, )y® + o’ (s)y + B(s).
The term W4 being known, we can define wi as the solution of the interior problem
D A?wi =0 in Q,,
My (wh) =¢t(s,1) — 01 (s,1) + 61 (5,0) onTy,
T (wh) = ¢ (s,1) = 2 (s,1) + (2 (s,0)  onTy,
wl =0; 0wl =0 onT.

To determine completely W, we need to precise the function 31. This can be done thanks to the transmis-
sion condition of order 0 across I'y: fory = 0, W! = wi. Finally

B(s) =wh|r, and a'(s) = 9w |r,.

We have seen in this section the way we can define a few terms of the asymptotic expansion: we first
compute the first four exterior terms (Wf )o<e<s (up to an affine function in y), which are needed to write
the problem solved by the first interior term w0+. the knowledge of the latter allows to fix completely the
first exterior term.

4.2 The complete expansion: remainder estimates

The procedure described in the previous section can be generalized at any order; it leads to the identification
of all the terms in the asymptotic expansion (6). Using a priori estimates, we can prove the following result.

Theorem 2 We assume the curve Iy — defining the boundary of domain ) — and the right hand-side f
infinitely smooth. Then the solution w® of problem (1) admits the asymptotic expansion

w’ =Y 5", (10)

n>0

where w"|q, (x) = w' (z) and w"|qs (s,7) = W"(s,6'r). The terms w'} and W™ do not depend on the
parameter § and are defined by problems (12) and (13) below.

The identity (10) is valid in the sense of asymptotic expansions, i.e. for any integer N, there exists a constant
Cn such that the remainder of order N

N
N () = w® — Zw”
n=0
satisfies the (optimal) estimate
[P0y, + 5% [ e < O 8™, an

PROOF. We assume the terms of the expansion built up to order N — 1. We can write the problem solved
by the exterior term W :

D_oiWN(s,y) = —¢N(s,y)for0 <y <1,

D_aSWiV(S, 1) = 7Civ_2(5, 1), (12)
N-2

D_92WN(s,1) = —077%(s,1),

10



where the right hand-sides ¢~ ~2, ¢~ =2, and 6% =2 are given by

N2(s,y) = Doy AMWY,
k+¢=N—-4
sy = Y THWE
k4+¢=N-3
0N 2(s,y) = Z MW,
k+{=N-2

(these quantities only involve WZ for ¢ < N — 1). Problem (12) then determines the term W, up to an
affine function in y, denoted by oV (s)y + 87 (s).

In the same way, we can define — up to an affine function in y — the terms Wt foré =N +1, N +2and
N + 3. It allows to write the problem solved by wf :

DJ’_Awa = 0 iIl Q+,
My (wh)= Y MW’ onTy,
k+é=N (13)
Ty (wh) Z "Wt  onT,,
k+{=N
wsz;@nwf:() onI.

It is a bi-harmonic problem with homogeneous Dirichlet conditions on I" and non-homogeneous Neumann
conditions on I'g, which uniquely defines the term wf .
The transmission conditions across T'g: W& = wf and 9, W! = anwf ~! fix the functions o’V and SV :

O‘N(S) = anwi\-[_lh“o and ﬁN( ) = wy |Fu
Thus, starting from the knowledge of (w?, W) for n < N — 1, we have built the terms w’ and W2

We now prove the remainder estimate (11): by construction, the remainder of order N satisfies

D*A%f(é) =f inQ,,

D~ A%r N(é) = 0O(N3) in Q%

[N (8)] = 05 [8.77 (8)] = O(6™) on Iy,

MF(rf (6)) =M~ (rX(9)) + 06V ) on T, (14)
TH(r{(9)) =T (rX(d)) + 00" ?) on I,

M~ (rY(9)) = O(N=1) s T~(rX(5)) = O(6¥?) inTs,

¥ (6)=0; 0,7 (6) =0 inT,

In order to use the a priori estimate (5) given in theorem 1, we first need to lift the jump of the normal
derivative across the interface I'g. If we denote by 7 this jump, we have 7y = O (7).
Let then zf be the solution in H2(€2,.) of the bi-harmonic problem in 2, with Dirichlet conditions on T’

D AN =0 in Q.
ziv =0; &sz =75y only,
2=0;0,2) =0 inT.
The function zf satisfies the following estimate
1310, = 0%
In the same way, let 2™V be the solution of the exterior problem
DyA%N =0 in Q%
2N =215 0,2N = on I'g,
M-(zN)=0; T’(z_) =0 onTs.
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We can estimate the norm of z% too:
Hziv|‘2,sz§ = O((SN_%)v

the factor 6~ 2 is due to the fact that the domain depends on 4.

Coming back to problem (14), we can apply a priori estimate (5) to the function
() = r(6) - 2N,
which belongs to H2(29): we get
~ _5
I @)l 05 < €672,

because the L.2-norm of the exterior right hand-side is the limiting term; it is of order 6™V ~2 (we gain a factor
81/2 thanks to the measure of the domain Q% ). We deduce the estimate for the remainder of order N:

Y ()]0, + 7Y @)y qs < C6NF, (15)

We can easily improve is, writing

N+4
rN(@E) =N+ > 5w
n=N+1

Estimate (15) applied to the remainder of order N + 4 gives
I @, + (YO 0s < €N,
and bounding the norms of w™ in €, (it is of order ™) and in Q¢ (in 5”_%), we finally get for ()
[P @), + 8 [0 g < OOV
which is the stated estimate. ]

Remark 1. The expansion obtained in theorem 2 does not belong globally to H2(2%), but only piecewise
in Q. and Q% . It is possible to “repair” this drawback (see previous proof), but we loose a power of § in
the estimate.

Remark 2. The use of multi-scale analysis leads to optimal estimates, as we have seen in theorem 2. The
error is due to the first omitted term but truncating the series, it is generically non-zero and estimate (11) is
optimal.

Remark 3. Expansion (10) is a two-scale expansion: the interior terms w’ are naturally in the original
cartesian variables, whereas the terms in the layer involve the semi-scaled variables (s,yy = d~'r). There
is no corner-layer term in the interior domain €., it only appears in Q° . The obtained expansion allows to
describe more precisely the corner-layer in the stiffener: each term W has a tensorial structure:

W"(s,y) = Yy (),
£=0

where the function ¢, only depends on the arclength s. The dependence with respect to the transverse
variable is polynomial. This remark can be used at a numerical level: the use of high-degree finite elements
is particularly adapted to the approximation in the stiffener, even if we only use one row of elements in the
thin layer (the elements hence become anisotropic).

12



S5 Approximate boundary conditions

Even if one might approximate numerically w?, solution of (1), the computations become awkward when
0 is very small. One would rather replace the effect of the stiffener by a boundary condition on I'g, called
approximate boundary condition.

In the present section, we will see how to identify such a condition using the asymptotic expansion obtained
earlier. This method also leads to a validation of the approximate boundary condition.

The idea is to approximate w® by the series given by its asymptotic expansion (truncated at a given order).
The condition satisfied by this approximation on I'y gives the desired boundary condition.

5.1 Condition of order 0

Here, we only keep one term of the asymptotic expansion of w°. We recall the problem solved by the first
interior term w9, (see 4.1)

D+A2w3_ = f+ in QJ’_,
Mi(wg)=0; Ty(w)) =0 onTy,
w?r:O;&lwg:O onT,

The first approximate boundary condition is obvious: it is nothing but the homogeneous Neumann condi-
tions on I'g. This is not surprising, since it corresponds to the limit case without stiffener (§ = 0). The
exterior boundary condition is simply imposed on I's = T'y. Thus, we obtain a model where the effect of
the thin layer is completely neglected.

The remainder estimate proved in theorem 2 allows to evaluate the difference between the solution wi of
the initial problem, and wg, solution of the 0-order approximate problem:

[~ S, 0, = O).

5.2 Condition of order 1

As was already pointed out, the approximate problem of order 0 does not take into account the effect of the
thin layer. This model is of no interest since our aim is to obtain an approximate problem that incorporates
this effect. For this reason, we must go further in the asymptotic expansion and derive the condition of order
1. To this end, we keep the first two terms of the expansion: we define w!!) as

wll = w + swl.
Using again the results of section 4.1, we set
Qo = —D_[201 - v)d, (0.0, — e()0.) — (1 — 12 )e(s) (D + e(s)0)]
Py = —D_[(1—12)02 (02 + c(s)0n) +2(1 — v_)0. [els) (0.0, — c(5)D.)]

so that w solves
D+A2w_1‘_ =0 in Q+,
My (wh) 4+ Qo(wl) =0 onTy,
T (wy)+ Po(w}) =0 onTy,
wh =0; d,wl =0 onl.
We deduce the following relations for wE] on ['y:
M, (wE]) +5Qo (wE]) = 0(6%) onTy,

T, (wE]) + 0P, (wE]) = 0(6%) onTy.
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To obtain the approximate boundary condition of order 1, we choose to omit the O(§?) term in the expres-
sions given above. Doing so, we obtain the new approximate problem

D+A2w = f in Q+,
My (w) = —=6Qo(w) onTy,
Ty (w) = —dPy(w) onTy,
w=0; dhyw=0 onl.

(16)

As can be seen, the approximate problem of order 1 differs from that of order 0 by the appearance of the
operators Py and @ in the formulation of the boundary conditions posed on I'g, which is the common
portion of the boundaries of the plate and the stiffener. These operators express the effect of the thin layer :
they depend on the physical characteristics of the material constituting this later.

Theorem 3 Let X be the space
X ={weH*(Q); weH*Iy) andw = d,w=0inT}.

Problem (16) is well posed in X, it is associated with the variational form

Ve X, a(w)+ob(w,g)= | fude, (7)
Qy

where the bilinear and linear forms a and b are respectively given by (3) et

o) =20-(1=v) [ sew)y@)do+D-(1=02) [ ylwpuyde a3)
with
Vr = 83 —¢(8)0, and y, = 050, — c(s)0s. (19)

It is remarkable that the expression a(w,w) + § b(w, w) described above, which is the total energy of the
plate Q1 is nothing but the sum of the strain energy of the plate in bending in the Kirchhoff theory a(w, w),
and of the strain energy “inherited” from the stiffener. Indeed, § b(w, w) involves tangential derivatives of
the traces of w and 0, w, which stand, respectively, for the energy in bending and in torsion of the thin layer.
Let then w‘f be the variational solution of (16).

In order to estimate the difference between wi, interior part of the solution of the original problem (1), and

w{, we could use an a priori estimate on problem (16), and apply it for the function w{ — w[&]. This method

leads to (combining this estimate with that of the remainder wi — wE])

o~ wdll, 0, < 5.

The loss of the factor '/ is due to the a priori estimate, which does depend on . A better way consists
in determining the asymptotic expansion of the function w¢ and compare it with the expansion obtained
in theorem 2 for wi. Since probl?me (16) does not involve any layer, it is easy to build the asymptotic

expansion of its solution.

Theorem 4 We assume that the curve Iy — defining the boundary of the domain §)y — and the right hand-
side infinitely smooth. The following asymptotic expansion holds for the solution w of problem (16):

w<15 = Z "wy, (20)
n>0

The terms (wY),, do not depend on the parameter ¢ and are built according to equations (22) below.
The equality (20) is valid in the sense of asymptotic expansions, i.e. for every integer N, there exists a
constant C'y such that the remainder

N
N (68) :w‘f - ZW?
n=0
satisfies the (optimal) estimate
[ (0], q, < COna™H @21
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PROOF. Inserting the polynomial ansatz (20) in the equations (16), we get

Dy A*w] = fou0 inQ,,

My(wl¥) = =Qo(wy ™) onTy, )
T:(w)) = —Po(wy ') onTy,

wd =0; 9wl =0 onl.

This problem defines wi¥ from w ~* (under the convention w~" = 0). The remainder estimate is proven
by the same way as in theorem 2. ]

It is straightforward to check that the first terms of the expansions (10) and (20) are the same:

wi:w(f and wi:w%

The following terms wi and w? do not generically equal, so that we get an optimal estimate for the differ-
s s

ence wq — wy.
Theorem 5 The difference between the interior part of the solution of the transmission problem (1), and
the solution of the 1-order approximate problem, cf. (16) — satisfies

[0~ . <O

This estimate is generically optimal.

PROOF. One only needs to use the estimates (11) and (21) at order 2. [

The latter result illustrates the efficiency of the multi-scale analysis for the study of problems depending on
a small parameter. It shows that problem (16) is an approximation of the original problem (in the interior
domain ) up to O(62). The major interest of replacing the original problem by the approximate one is, as
we already mentioned, the complexity of discretizing the original problem. Since approximate problem (16)
does not involve the thin layer, we can use a coarser mesh, independent of the parameter 6.

6 Case where the Young’s modulus depends on the thickness

Until now, we have made the assumption that the Young’s modulus F is piecewise constant in €2°, inde-
pendent of the thickness &. In this section, we suppose that it behaves as 6! in the thin layer (E still
independent of §). This expresses that the elastic material constituting the layer £ must be more rigid
than that constituting the plate €2 .

More precisely, we suppose that the Young’s modulus F equals 6 "' E_ in the layer, and £ in 2, with
E_ and E, independent of 4.

With much less details, we carry out the construction and the analysis of the approximate boundary con-
ditions. The rule brought out above gives a hierarchy of approximate boundary conditions in the present
case too. Indeed, the techniques developed in the previous sections still apply in this situation. The only
difference is the shift of one power of § for the operators in the stiffener. This shift only really affects the
transmission conditions for M and T" across the interface I'g — see problem (7). In order to define the first
interior term wg_ , we need here to determine the first five terms in the stiffener, instead of the first four terms,
previously. No extra difficulty appears.

Applying the basic Ansatz used in section 4, one can check that the first interior term wo+ solves the follow-
ing problem:

D Awy = f inQy,
My (wS) + Qo(w}) =0 onTy,
Ty (wY) + Po(w}) =0 onTy,
wg_:();anw(j_:() onl
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This allows to write the approximate problem of order 0, that is:
D A%w) = f, inQt
M+(wg) = —Qo(wg) in FO,
Ty (w§) = —Po(wg)  inTo,

wy =0; dywy =0 inT.

(23)

Hence, a simple inspection of the above equations reveals that, unlike in the previous case, the operators
Py and Qg appear in the right-hand sides of their formulations. Indeed, this is in sharp contrast with the
analysis made before, where it was found that these operators were not involved until order 1.

We thus realize that the effect of the thin layer, in the present case, is seen at order 0 via the new boundary
conditions posed on I'y and is completely embodied by the operators Py and ). Indeed, one observes that
these operators depend solely on the elastic material constituting the layer, through its characteristics E and
v.

In the previous analysis, where the thin layer characteristics were assumed to be constant, the limit problem,
as  — 0 (which corresponds to the approximate problem of order 0) was simply obtained by omitting the
thin layer. As it can be seen, a completely different limit behavior occurs if the Young’s modulus of the thin
layer approaches +oo sufficiently rapidly as § — 0 (i.e. if it behaves like §~1 ). This difference comes from
the fact that, in this situation, the material constituting the thin layer is more rigid than that constituting the
plate: the high rigidity of the layer emphasizes its effect on the displacement.

In order to get a “limit” problem that takes into account the effect of the thin layer as its thickness goes
to zero, it turns out to be sufficient to compensate this thickness by a specific increase as & — 0. The
appropriate scaling is just & = § "' E_.

As has been already done in the previous section, we can go further in the construction of the approximate
boundary conditions and obtain the approximate problem of order 1. Indeed, a condition of higher order
leads to a better approximation of the exact solution of the initial problem. Following the same procedure,
we obtain that the second term w}r of the asymptotic expansion satisfies

D+A2w_1‘_ = f in Q+,
My (wi) + Qo(wy) + Qi(wl) =0 onTy,
Ty (wh) + Po(wi) + Pi(wl) =0 onTy,
wl =1; d,w! =0 onT,
where the differential operators P, and (), are defined by
1

Q1=-D_ 5

(Bro +1) (v — 1) 92 [0, + ()0
+3(1 —v_)0s [c(s) (950w} — c(5)0s)]

+ % B+ 1) (= — 1) c(5)0s [050n — ¢(8)0s]

—% (2v_ 4+ 1) (V2 — 1) A(s) (02 + c(s)0n) | ,

Py=-D_ % (Bu_ +1) (v= — 1) 0, [e()0s (92 + c(5)0n) ]

—3(1—v_)0s [02(5) (050, — c(s)as)]
- % Bv_ +1) (v — 1) (9,0 — ¢(5)04]
1

3

(2v_ +1) (V2 = 1) 92 [c(s) (92 + c(s)n) ]

We immediately deduce the approximate problem of order 1 :
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D A%wd = f in QT
My (w}) = —Qo(w}) — 6Q1(w9) onTy
Ty(w}) = —Po(w)) — 6P (w]) onTlg

wd =0; Gpwl =0 onT

(24)

As we can see, the approximate problem of order 1 differs from that of order 0 by the additive terms
5Q1(w?) and § P (w?) that lead to a better approximation. These two problems are well-posed in ad hoc
variational spaces (at least for small values of § for the second one) and define two solutions wg (actually
not depending on §), and w‘f With the same tools as above, we can show that they lead to approximations
of the solution wi of 1, with the optimal estimates:

IN

lt —will,o, < ©

[wf = wtll, g, < €&

Physical interpretation. Within the framework of the linearized elasticity, the mechanical interpretation of
the solutions of the above approximate problems is natural: they solve the two dimensional Kirchhoff-love
model of a plate Q2 clamped along its part of boundary I" and subjected to an applied body force f acting
on its interior. The remaining portion of the boundary I' is no longer free but subjected to external actions
that represent the effect of the thin layer: the new additive terms (Qo(w$) and Py(w?) for the first problem
and Qo (w9) + Q1 (w?) , Py(wf)+ 6 P; (w?) for the second one) have the physical interpretation of inserted
moments and forces, all of which acting on the part of the boundary I'j.

Finally, it is worth noting that the derivation of higher order approximate conditions can be achieved by
following the same procedure. This way, we obtain a hierarchy of boundary value problems giving in each
case a model that incorporates the effect of the thin layer at different order of accuracy. However, the explicit
calculations become more and more intricate.

7 Conclusion

We have derived and validated approximate boundary conditions for the problem of reinforcement of a thin
plate. The use of multi-scale asymptotic analysis led us to optimal estimates of the errors between the
solution of the original problem, and the solutions of the problems with approximate boundary conditions.

The technique we developed here can apply to various situations of the same kind, for example the case of
Dirichlet conditions (which is actually simpler), or Neumann conditions without any embedding (compati-
bility conditions then appear, making the analysis harder).

An interesting perspective is to investigate the situation where the plate has corners, which is generally the
case in numerical applications. Our analysis can not directly apply because of the loss of regularity at each
step of the construction of the expansion. We need to take into account the singularities arising from the
corners, and treat them in a different way, using ideas from [5, 17, 18, 4].
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