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Abstract. The topological sensitivity analysis consists to provide an asymptotic expansion of a shape func-
tional with respect to emerging of small holes in the interior of the domain occupied by the body. In this paper,
such an expansion is obtained for the modified Helmholtz equation with an impedance condition prescribed on
the boundary of a hole.
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1. INTRODUCTION

The aim of the topological sensitivity analysis is to provide an asymptotic expansion of a
shape functional with respect to the size of a small inclusion inserted inside the domain. To
present the main idea, let us consider a domain Q C R? (d € {2,3}) and a cost function
7(2) = J(ugq), where ug is the solution to a given PDE defined over Q2. For a small parameter
e > 0, let Q. be the domain obtained by removing a small part zq + cw from €, where 2y €
and w is a fixed bounded domain in R? containing the origin, that is, Q. = Q\7g + ew. In
general, we have the following asymptotic expansion (as e — 07):

J(Q) = j () = f(e)g(zo) + o(f(€)),
where f(g) > 0 and f(¢) — 01 as e — 07. The function g is independent on ¢ and it is called
topological gradient or topological derivative. To minimize the criterion j, one has to create
holes at some points where the topological gradient is negative.

The topological sensitivity analysis has been studied for different kinds of topology optimiza-
tion problems: the elasticity case [12], the Poisson equation [13], the Navier-Stokes equation [4],
the Helmholtz equation [26], the heat equation [5] and the wave equation [5]. For other works
on topological sensitivity analysis, we refer the reader to [3, 9, 14, 19, 22, 23, 24, 25, 27, 28].

In this paper, we apply the topological-shape sensitivity method to obtain the topological
derivative for the modified Helmholtz equation under an impedance condition prescribed on
the boundary of a hole.

The outline of this paper is as follows. The problem of interest is formulated in Section 2. In
Section 3, we present some preliminaries including the adjoint method introduced in [22] and
other useful results that will be used to establish our main result. The asymptotic analysis and
the main result is presented in Section 4. Some numerical experiments are given in Section 5.

2. PROBLEM FORMULATION

Let Q2 be a regular bounded domain in R? with a regular boundary 9. Let ug € H'(Q2) be
the unique solution (weak solution) to the modified Helmholtz equation

— Aug + aug = 01in Q (2.1)
with the Neumann boundary condition
0
% = ( on 02, (2.2)

where a > 0 is a constant and ¢ € H~/2(99Q).
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Let J : HY/2(09Q) — R be a given differentiable mapping, and let
J(Q) = J(uaan),
where ugaq denotes the trace of ug € H'(Q) on dQ. Let pg € H'(Q) be the unique solution
(weak solution) to the modified Helmholtz equation (2.1) with the boundary condition
Opa
on
where DJ(ugpq) € H™'/?(08) denotes the derivative of J at the point ugaq.
For any sufficiently small parameter £ > 0, consider the perforated domain Q. := Q\ B(xy, €),

= —DJ(ugqan) on 05, (2.3)

where 2o € Q and B(xg,¢) is the closure of the open ball of center xy and radius . Possibly
shifting the origin of the coordinate system, we assume for convenience that zy = 0. Let
ug, € HY(.) be the unique solution (weak solution) to the perturbed modified Helmholtz
equation

— Aug, + aug. =0 in €, (2.4)
with an impedance condition on the boundary of the hole
0
ug, + o SQE = 0 on 0B(xo,¢) (2.5)
n
and the Neumann boundary condition on 0f2
0
gze = ¢ on 99, (2.6)

where o > 0 is a constant.
For all & > 0 (small enough), let j(€%) := J(uq. po)- The main goal of this paper is to derive
an asymptotic expansion of the variation j(€2.) — j(€2) with respect to e.

3. PRELIMINARIES

3.1. The adjoint method. We recall briefly the adjoint technique introduced in [22]. Let H
be a Hilbert space (over R) endowed with the norm ||-|| . Let {ac(-, ) }e>0 be a family of bilinear
and continuous forms on H. We suppose that there exists a constant ¢ > 0 (independent on ¢)
such that

acfu,u) = cluly, Yu e H.
For all € > 0, let u. € H be the unique solution to the variational problem

ag(ue, v) = (v), Vv € H,
where ¢/ € H'. Let J : H — R be differentiable function, and let

F(e) .= J(u.), Ye > 0.
We suppose that the following condition holds: there exists a bilinear and continuous form 9,
on H such that
la: — a0 — £ o = o £(£)). as = — 0%,

where f(e) > 0 for all € > 0 (small enough) and f(e) — 0" as e — 07. Here, || - ||z,(m) is the
standard norm on Lo(H), the set of bilinear and continuous forms on H.

The following result provides us an asymptotic expansion of the variation F(g) — F(0) as
e— 0.

Lemma 3.1. Under the above conditions, we obtain that
(i) [Jue = uollu = O(f(e));
(ii) F(e) — F(0) = f(€)daluo,po) + o(f(e)), where py € H is the adjoint state, the unique
solution to the adjoint problem
ao(v,po) = —(DJ(uo), v)rr.1, Vv € H.

Here, (-,-)p g denotes the duality product between H and H'.
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3.2. Some useful inequalities. In this part, we present some inequalities involving modified
Bessel functions of first and second kinds. Such inequalities will be useful to establish our main
result.

Recall that the modified Bessel functions of the first kind (7,,),ez are defined by

1 ™
I,(z) = —/0 e cos(nf) df, ¥z > 0.

T
The modified Bessel functions of the second kind (K, ),ez are defined by
K.(z) = / e~ cosh(nt) dt, ¥z > 0.
0

The following results exist in [16, 17].
Lemma 3.2. We have

where y > x >0 and n € N.
The following result exists in [6].

Lemma 3.3. For all u > 0, we have

0 < I (u) < Vu? +n? K/ (u) Vu? + n?
~ I(u) — u K, (u) u

where n € N.
The following result exists in [18].

Lemma 3.4. For all u > 0, we have

Kpiq(u) _ n+14++/(n+1)2+u? VneN.

K, (u) u

The following results exist in [1].
Lemma 3.5. For alln € N and u > 0, we have
0, (1) = O () + =6, (u),
where ©,, denotes I, or (—1)"K,.
Lemma 3.6. We have
Iy(0)=0, ILi(0)=0, Ko(u)~—Inu, asu—0+.
Lemma 3.7. As u — 07, we have the following asymptotic expansions:
lo(u) = 14o(u), hi(u) = g+0(u2), Ko(u) = = (In(u/2) + ) fo(u)+o(u), ki(u) =1/ut0O(1),
where 7y is the Fuler constant.

Lemma 3.8. For alln € N and z > 0, we have

W(I(2), Kn(2)) == Ln(2) Kny1(2) + L1 (2) K (2) = %

Lemma 3.9. Foru > 0 and n — oo, we have

o1 e (52 K 7 (3)




4. ASYMPTOTIC ANALYSIS AND MAIN RESULT
Let

[ J(ug, ) i £>0,
Fle) = { J(um(«LZQ) if e=0. (4.1)

Note that ug, € H'(£2.), which is a functional space depending on e. So, if we want to derive
an asymptotic expansion of the variation F'(¢) — F'(0), we cannot apply directly Lemma 3.1,
which requires a fixed functional space (independent on €). A truncation technique (see [22])
can be used to reformulate our problem in a fixed functional space.

4.1. Reformulation of the problem in a fixed functional space. Let R > 0 be such the

closed ball B(xy, R) C Q. It is supposed throughout this paper that € remains small enough so
that B(xg,e) C B(xg, R). Let Qg := Q\B(z¢, R) be the truncated open subset. We denote by
0B(xg, R) the boundary of the ball B(xg, R). For £ > 0, we denote by D(e, R) the open subset
B(z0, R)\B(z0,¢). For e >0 and ¢ € H/2(0B(x¢, R)), let u# € H'(D(e, R)) be the unique

solution to

—Auf +auf = 0in D(e, R),
(4 = @ on 0B(xg, R), (4.2)

uf + Oz% = 0 on 0B(xo,¢),

and uf € H'(B(zo, R)) be the unique solution to

{ —Auf +auij = 0in B(z, R),

ug = ¢ on 0B(xg, R). (4.3)

For all ¢ > 0, let T, : H'/?(0B(x¢, R)) — H~Y?(0B(xy, R)) be the Dirichlet-to-Neumann
operator defined by
Top = Vuf - nopao.r), V¢ € HY*(0B(x0, R)), (4.4)

where the unit normal 19z, r) on 0B(xo, R) is is chosen outward to B(zo, R).
For € > 0, let u. € H'(Qg) be the unique solution (weak solution) to the truncated problem

( —Au, +au, = 0in Qp,
ou,
e +T.u. = 0on dB(xg, R), (4.5)
ou,
\ = ( on 0N.

Proposition 4.1. For ¢ > 0, the restriction to Qg of the solution ug. to (2.4)-(2.6) is the
solution u. to (4.5).

Proof. We have to show that w. := uq.|q, € H'(Qr) satisfies the variational problem
/ (Vw. - Vv + aw.v) dx +/ (Towe)v dOB(z0, R) = Cv dofl, (4.6)
Qr 0B(zo,R) 0N
for all v € H'(Qp).
Let v € H'(Qg). Let v € H'(€,) such that 0y, = v. We have

1
/ (Vug, - VU + augv) dx + — / U0 dOB(xg, ) = Cv dos.
e & JOB(wo.e) o0



This implies that

- - 1 -
/ (Vw, - Vv + aw.v) dx + (/ (Vug, - VU + augv) de + — / un0 dOB(xy, 5))
Qr D(e,R) 0B(x0,¢)

(0%

= / Cv dOQ. (4.7)
o0

On the other hand, we have (in the sense of distributions) that
—Aug, + aug, =0 in D(e, R),
which implies that

- - 1 -
/ (Vug, - VU + aug.v) dx + —/ U0 dOB(xg,€) = / (Trwe)v dOB(z0, R).
D(e,R) OB(zo,¢) 0B(zo,R)

(07

Then, we obtain the desired result by injecting the above expression in (4.7). O

Similarly, we can prove the following result.

Proposition 4.2. The restriction to Qg of the solution ugq to (2.1)-(2.2) is the solution ug to
(4.5) for e = 0.

We define now the truncated adjoint state py € H'(Qg) solution (weak solution) to

( _Apo +apy = 0in QR,
Ipo
S +Topo = 0on dB(z, R), (4.8)
Ip

\ a_,r;) = _DJ<UO|BQ> on aQ

Similarly, we have the following result.

Proposition 4.3. The restriction to Qg of the solution pq to (2.1),(2.3) is the solution py to
(4.8).
From the above propositions, the function F'(¢) defined by (4.1) can be writing as

. J(“&WQ) if g > 0,
F(E) o { J(”O\E)Q) if e=0.

On the other hand, for all ¢ > 0, u. € H'(2g) is the unique solution to the variational problem
a.(uz,v) = L(v), Yv € H' (QR),
where
ac(u,v) == / (Vu - Vv + auv) dx +/ (Teu)v dOB(z9, R) (4.9)
Qr OB(zo,R)
and

l(v) = Cv dofl,
o9

for all u,v € H*(Qg).
We now have at our disposal the fixed Hilbert space H := H'(2) required by the adjoint
method.

4.2. Expressions of the Dirichlet-to-Neumann operators for ¢ > 0. Thanks to the par-
ticular shape of the hole (circular hole), it is possible to obtain an explicit expression of T,
for every e > 0 and ¢ € H?(0B(zg, R)).
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4.2.1. The case ¢ = 0. We have the following result.

Proposition 4.4. For every ¢ € HY?(0B(xy, R)), the solution uf to (4.3) and the operator
Ty are given by the explicit expressions:

o LWar) o,
9)_;%(@%)%6 6
and

Tu(R.0) = YV s
ne”Z
where (r,0) are the polar coordinates in the plane and (gpn)nez are the Fourier coefficients of .

Proof. We write the solution in the following form:

ug (r,0) = Zan(r)eme.
nez
We obtain that
r?al’ (r) +ral,(r) — (r’a +n?)a,(r) = 0,
for all n € Z. I,(y/ar) and K, (y/ar) are the two linearly independent solutions to the above
modified Bessel’s equation. So, we get that

an(r) = ApnL,(VVar) + B, K, (v/ar),

for all n € Z, where A, and B, are constants. Since uf € H'(B(zo, R)), we have B,, = 0, for

all n € Z. Thus, we have
=Y AuLu(Var)e™.

nez
Using the boundary condition on dB(xg, R), we obtain the desired result. The expression of
T.¢ follows by taking the normal derivative of uj on dB(zo, R). O

Proposition 4.5. We have
[ Tuphe 0BG R) > 0, for all p € V(0B (ao, B).
0B(zo,R)

Proof. From Proposition 4.4, we have

n(Vak)
AB(xovR)(Tow)w dOB(wo, R —ZWRZ\/_ I.(JaR )\%!

On the other hand, from Lemma 3.3, we have
L(VaR)
L(\/aR)

for all n. This makes end to the proof. 0

0,

We observe easily, that
Proposition 4.6.

/ (Top)5 dOB(z9, R) — / (Tod) dOB(zo, R),
8B(z0,R) 9B(z0,R)

for all ¢, 6 € HY?(0B(x0, R)).
The following result follows immediately from Proposition 4.6.
Proposition 4.7. For allv € H'(QR), we have
ao(v, po) =< —DJ(Uojan), v >pg-1/2(00),11/2(00)

where < -+ >p-1/2000) mi/2(00) 8 the dual product between H'/2(9Q) and H'*(99).



4.2.2. The case € > 0. At first, we consider the following notations:
A(na 6) = Kn(\/ag) - Oé\/&K;l(\/as),
B(n,e) = I,(vae) — av/all (\ae);
_ Ku(VaR)B(n,e)
XS = VaR A )

where n € Z and ¢ > 0.
The proof of the following result is similar to the proof of Proposition 4.4.

Proposition 4.8. For all ¢ > 0, for every ¢ € HY?(0B(xo, R)), the solution u? to (4.2) and
the operator T are given by the explicit expressz'onS'

E: In(var) — B(n,e) K hfﬂ
A T.(vaR) = B(n, ) K,(VaR) "

and

LR ~ B KLVaR)
Lol 6) = Zf Tn(aR) ~ B ) Ro(aR)

We have the following result.

Proposition 4.9. For ¢ > 0 small enough, we have
/ (To)p dOB(wo, R) >0, for all p € H*(0B(x, R)).
OB(zo,R)
Proof. We have

n,e)I}(vaR) = B(n,e) K, (VaR),
mAMmﬁ;ﬂpmyﬁﬂ%xm _ZWRE;VP &), (vaR) - B [onl”.

We have to show that
A(n, )15 (VaR) —
A(n,e)I,(v/aR) —

We distinguish two cases.

Case 1. n # 0. We have

(n,€) Ky (VaR)
(n@K(J_)>QVn€Z (4.10)

mm

Al )14(/aB) = Bn 2 Ky(VaR) _ L(aR) L[| K(RLGER)
A, ) Iu(VaR) — B, o) Ku(vaR)  TVaR) I —x(m) | L(VaR) Kulya®) "]
(4.11)
On the other hand, we can write that
(n,e) = Kn(VaR) I,(Vas) 1- a\/a%(\/ae) (4.12)
YOI LVaR) Ka(vag) 1- ay/ake(yas) |
We claim that there exists a constant ¢ (independent on n and ¢) such that
Ix(n,e)| < ce?, Vn € Z\{0}. (4.13)
From Lemma 3.3, we have
) 2 K
vae 2n(\Jae)l,
Vae K,
which implies that
2 2
R < '1 - Vg (vac) (114)
Again, form Lemma 3.3, we have
I’ N 2
0< _n(\/ag> < vae +n7

I, Vas
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which implies that

oavag? +n?

‘1—04\/5;—7/1(\/55) < Hf‘ (4.15)

Using (4.14) and (4.15) (for € small enough and n ;é 0), we obtain that

1-— a\/_] (\/—5) a\/az;w
1—ayagz(vas)| ~ 1—m
Since .
+ £
lim —— == “fJF”Z =1,
n—oo,e—0 1 — Vet
there exists a constant ¢ > 0 (independent on n and ¢) such that
L - av/ap (vae) (4.16)
1- Oé\/_K (\/_8)
for all n # 0 and £ > 0 (small enough). On the other hand, since 0 < ¢ < R, we have
K,(vaR
0 < Knlval) e (4.17)
K,.(vas) R
Using Lemma 3.2, we obtain that
I
o< Imlvas) g (4.18)

In(VaR)
Now, our claim (4.13) follows immediately from (4.16), (4.17) and (4.18).
From (4.13), to obtain (4.10) (for n # 0), we have only to prove that for ¢ > 0 (small enough),
_ KLVaR)L,(y/aR)
I, (VaR) K. (\/aR)

Using Lemma 3.4 and Lemma 3.5, we obtain that

—K’(\/_R) 1++/(n+ 1)2+aR2_

x(n,e) > 0. (4.19)

0< < (4.20)
Ky (vaR) VaR
Using Lemma 3.3 and 3.5, we obtain that
I 1
0< n(vah) = 5 < \/ER. (4.21)
L(VaR) — B(\/aR) +
From (4.20) and (4.21), we have
0<—K’/“L(\/_R) n(VaR) _ 1+4+/(n+1)°+ak?
= "I (VaR)K,(VaR) = n ’
K’ I
which implies that the positive sequence {— fé?%]?ffzgggg} is bounded. Thus, from

(4.13), we obtain (4.19).
Case 2. n = 0. We have to show that
A(0, ) I5(vaR) — B(0,£) Ky (VaR)
A(0,)Io(/aF) — B(0, &) Ko(v/ak) = 422

Using Lemma 3.6, we obtain that

lim A(0,¢) =

e—0t

and

lim B(0,¢) = 1.

e—0t



Thus, we obtain that

. A0,e)f§(VaR) — B(0,e)Ky(vaR) I -
I 0.0 (VaR) — B0 9 Ko(yaR) ~ I, V) =0

Then, for € small enough, we have (4.26). O

The following result follows immediately from Proposition 4.9.

Proposition 4.10. There exists a constant ¢ > 0 (independent on €) such that for e > 0 small
enough, we have
a.(u,u) > c||u||§{1(QR), Vu e H' (QR).

4.3. Asymptotic expansion of T, — Ty as ¢ — 07. We introduce the linear and continuous
mapping o7 : H'/2(0B(xo, R)) — H™Y2(0B(xy, R)) defined by

1
opp i= —————
T OéR]g(\/aR)(PO’
for all ¢ € HY2(0B(x¢, R)).

We have the following result.
Proposition 4.11. We have

1T — To — €07l 111/ (0B o, r)).H-1/2(0B(wo.R))) = O(€), as e — 07,

where || - || c208(x0,R)), H-1/2(0B (0, R))) denotes the standard norm on the space of linear and
continuous mappings from HY?(0B(zy, R)) to H~'/?(0B(x0, R)).

Proof. For ¢ € H*(0B(xg, R)), let

1/2
1ells.08(0.R) == (ZI@OIZ(H |n|)2s> :

neL

It is well-known that || - ||s88(0,r) i @ norm on H*(0B(xo, R)) that is equivalent to its usual
norm.

Let ¢ € HY?2(0B(z0, R)). From Propositions 4.4 and 4.8, and using Lemmas 3.8 and 3.5, we
have

%0 1
(T: = To)p = 7 + Rep, (4.23)
(VaR) A0
RIO(\/ER)K0<\/ER) m% -1
where .
R Z B(n,e)p,em?
¥ o BL(aR) A, ) L(VaR) — Bn. &) K., (VaR)]
Using Lemma 3.7, we obtain that
A(0,¢) = g —Ine+O(1), e > 0" (4.24)
and
B(0,e) =1+ o0(e), e = 07, (4.25)

Thanks to (4.24) and (4.25), (4.23) becomes
(T. — Ty — eb7)p = O(* Ine)drp + Rop, € — 0T,
To obtain the desired result, we have only to show that
[1R-pll-1/2,080,1) = (), € = 0. (4.26)

We have
IR 1 200 = D, C(n,2)*(1+ [n])]onl?,

In>1
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where

x(n,€)|
(1 + [n))RI,(VaR) Ky (VaR)[1 — x(n,e)|
Using Lemma 3.9, we obtain that

C(n,e) :=

(1+ |n))RIL,(vaR)K,(vaR) — g, as n — +00. (4.27)

On the other hand, from (4.13), there exists a constant ¢ > 0 (independent on n and ¢) such
that

% < cg? (4.28)

for all n € Z\{0} and € > 0 (small enough). Now, (4.26) follows from (4.27) and (4.28). O

4.4. Asymptotic expansion of a. — ag as ¢ — 07. From (4.9), for all ¢ > 0, we have

(ae — ap)(u,v) = / (T, — To)u]v dOB(z¢, R), Yu,v € H'(Qp).
OB(z0,R)

Then, for all u,v € H'(Qg), we have

(ac —ap)(u,v) = z—:/ (07u)v dOB(xg, R) + / (T, — Ty — ed7)u]v dOB(x¢, R)
9B(z0,R) 9B(20,R)

S, 0) + / (T, — Ty — e67)ulv dOB(xo, B),
0B(zo,R)

where

0 (u,v) = / (67u)v dOB(z0, R), Yu,v € H(QR). (4.29)
OB(zo,R)

Now, using Proposition 4.11, we obtain the following result.
Proposition 4.12. We have
|a: — ag — €84l cy(rr () = 0(€), as e — 0T,
4.5. Main result. Now, we are ready to state and prove our main result.

Theorem 4.1. We have the following asymptotic expansions:
2me

J(qu\aQ) = J(Umaa) + o uq(wo)pa(ro) +o(c), ase— 0.
Proof. Using Propositions 4.10, 4.1, 4.2 and 4.12, and Lemma 3.1, we obtain that
J(uq. jo0) — J(ugipe) = F(e) — F(0)
= 55a<u07p0) + O<€
= £da(uo, po) + o(e)

= 5/ (0ruq)po dOB(xg, R) + o(e)
OB (zo,R)

2re
= —UQOpQO + o(e),

alo(vaR)?

where
27

1 1 27
ug” = — ug(R,0) d and po° = —/ pa(R,0) db.
0

T on 0 2m
Since —Aug + aug = 0 in B(xzg, R), we have

uq” = Iy(vaR)uq(xo).
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Similarly, we have

pa’ = Io(vaR)pa(xo).
Then, the result follows. O

5. NUMERICAL RESULTS

Recently, topological derivative has been used for solving inverse problems, and more precisely
for imaging small inclusions, see [10, 8, 11, 24, 15| for instance. Let us describe the situation
which will be under discussion here. Given a bounded domain €2 and an inclusion w C 2
(not necessarily connected), we denote by €, the perforated domain © \ w. We consider the

scattering of several plane waves g, (¢ =1,...,L) in Q“:
—Auy —Kup = 0 in ¢,
8Ug
Ug + a% =0 on Jw, (5.1)
Ouy dge
— = = oN.
on an "

We aim at retrieving w from the knowledge of the scattered fields measured on the boundary :
(udm) 1 1 To this end, we introduce the cost functional

L
j<Q1’o,8) = Z /89 ’uio,a - Ug|2d0x,
(=1

where ), . is obtained from  after having removed the ball B(zg,¢): . = QB¢ and

ut, _ solves Problem (5.1) for this particular inclusion.

x(o,E
The results developed above in the paper easily extend to this case, and the topological

derivative of j is given by
L
TD(z) =R (Z gg(x)pg(x)) ; (5.2)
=1

where the adjoint state solves
—Ap;—k*py = 0 in €,

0 (5.3)
% = —2(go —ug) on 0N

It is clear from Theorem 4.1 that negative values of the topological derivative TD(x) correspond
— at first order — to a decrease of the quadratic misfit j(€2,.). As a consequence, it is natural
to expect TD(x) to have strong negative values for x near zy. This empirical remark has led
to the use of TD as an imaging tool for inclusions w which are not only small balls, but with
very few mathematical justification. Let us mention the recent works of [2] and [7], giving some
tangible arguments.

In the following, we present numerical simulations. The considered geometries and sets of
parameters are inspired by the existing literature, especially [20, 2, 7]. In the following, € is
the unit disk, the parameter involved in the impedance condition a = 0.1 (except for Figure 4
where o = 10), and the wave number k = 27 /) with a wavelength A = 0.5. The experiments
have been done with the finite element library MELINA [21] with Py triangular elements with
mesh size h = A\/10. Rather than TD, its normalized version NTD is considered:

TD(x)

NTD(x) = —————.
(z) max |TD(x)]
ze

Last, we have chosen plane waves with equally distributed incident directions:

gg(x) _ eikx-dg’

with dy = (cos(2ilm/L),sin(2ilr /L)) for £ =1,..., L.
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In Figure 1, we present the imaging of a small circular inclusion, centered at (0.3, —0.5) and
of radius 0.05. With L large enough, the reconstruction is quite satisfactory, since NTD(z)
presents large negative values only in the vicinity of the inclusion (plotted in white on the
pictures).

FIGURE 2. Map of z +— NTD(x) for L =4 (left) and L = 32 (right) for noisy data.

To investigate the robustness of the method, we add a noise to the measured field u, (spatially
and (-independent). The results are presented in Figure 2 for a uniform distribution and a signal
to noise ratio equal to 2. It turns out that for L large enough the reconstruction is quite stable.
Nevertheless, for a small number of incident directions, the results are not very accurate since
many peaks of same amplitude appear at several locations away from the inclusion (see left
picture of Figure 2). Let us mention that this remarkable robustness needs to be weakened
by the fact that the chosen noise (which is the most usually encountered in the literature) is
favorable. A global noise in the medium, for instance, would probably lead to larger differences.

We present in Figure 3 the reconstruction of multiple inclusions. The results are good in
both cases.

The originality of the present work lies in the choice of an impedance boundary condition
of Robin type on the inclusion. It is worth noticing that small values of the parameter «
correspond to a penalization of the Dirichlet condition on the inclusion. Let us emphasize that
the expression of the topological derivative coincide for Dirichlet and Robin conditions. On the
contrary, large values of a can be seen as a penalization of the Neumann boundary condition.
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r o2

-0.6

-0.8

FIGURE 3. Map of z — NTD(z) for L = 32 in the case of multiple inclusions.

Let us recall the expression of the topological derivative for Neumann problems — see e.g. [11]

TDx(z) = R | Y K gelw)pe(r) = Vagelw) - V() | (5.4)

with the obvious notation NTDy for its normalized counterpart. In Figure 4, we have plotted
the topological derivatives NTD and NTDy for the value @ = 10 (and the geometry with a
single circular inclusion already used in Figures 1 and 2). The reconstruction does not fit the
exact inclusion in the case of a Dirichlet/Robin expression for the topological derivative, but
the Neumann expression leads to a good result, which is quite natural.

FIGURE 4. Map of x — NTD(x) (left) and z — NTDy(x) (right) for L = 32
and a = 10.
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