Self-similar perturbation near a corner:
matching versus multiscale expansions for a
model problem

Monique Dauge, Sébastien Tordeux, and Grégory Vial

Abstract In this paper we consider the Laplace-Dirichlet equation in a polygonal
domain perturbed at the small scale € near a vertex. We assume that this perturbation
is self-similar, that is, derives from the same pattern for all relevant values of €. We
construct and validate asymptotic expansions of the solution in powers of ¢ via two
different techniques, namely the method of multiscale expansions and the method of
matched asymptotic expansions. Then we show how the terms of each expansion can
be split into a finite number of sub-terms in order to reconstruct the other expansion.
Compared with the fairly general approach of Maz’ya, Nazarov and Plamenevskii
[15, 16, 17] relying on multiscale expansions, the novelty of our paper is the rigorous
validation of the method of matched asymptotic expansions, and its comparison with
the multiscale method. The consideration of a model problem allows to simplify the
exposition of these rather complicated two techniques.

1 Introduction

The perturbations under consideration concern the space domain, they have the same
small scale ¢ in every direction, and they are self-similar, which means that there
exists a reference point o and a pattern {2 such that the e-perturbation is given by
the set of point = such that (z — x¢)e~! belongs to §2. Although a local perturba-

Monique Dauge
IRMAR, Université de Rennes 1, Campus de Beaulieu, 35042 Rennes, FRANCE,
e-mail: monique.dauge@Quniv-rennesl.fr

Sébastien Tordeux
Institut de Mathématiques de Toulouse, INSA-Toulouse, 31077 Toulouse, France.
e-mail: sebastien.tordeux@insa-toulouse.fr

Grégory Vial
IRMAR, ENS Cachan Bretagne, CNRS, UEB, 35170 Bruz, France,
e-mail: gvial@bretagne.ens-cachan. fr



2 Monique Dauge, Sébastien Tordeux, and Grégory Vial

tion of the metric of a Riemannian manifold could be of interest as well, we only
investigate in this paper the case when the perturbation involves the boundary of the
domain. We are more particularly interested in the influence of corners, both in the
unperturbed domain w and in the perturbation pattern (2.

An example of such a perturbation is given by rounded corners: Here the unper-
turbed domain w is a domain with conical points, the perturbation pattern (2 is a
smooth domain, and the limiting point =y of the perturbation is a conical point, see
Fig.1. The fillets in material engineering precisely enter this framework.
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Fig. 1 Rounded corner: Domains w, {2 and % .

The interesting and, at first glance puzzling, feature of such domains is the fol-
lowing: If one considers the solutions u. of a common elliptic problem posed on
such a family of domains % with rounded corners, each solution u. is smooth, but
the sequence u. converges as € — 0 to a limit solution in the corner domain w which
should contain singularities — we refer to the fundamental papers [10, 18] and to
the books [7, 5, 20, 11] for the vast topic of singularities.

Conversely, one can consider smooth limiting domains w and associated patterns
(2 with corners, see Fig.2. In this case, the limiting solution is smooth and each
solution u. has corner singularities.
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Fig. 2 Corner perturbation originating from a smooth boundary point (o = 1).

More generally, self-similar perturbations may include numerous different situ-
ations: Let us mention for example small cracks originating from a boundary point
of the limiting domain, see Fig.5 p.34, and also small junctions between several
connected components of w, see Fig.4 p.30.

For such singular perturbation problems, the method of matched asymptotic ex-
pansions is widely used. This method, spread by [23], consists in constructing two
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distinct complete expansions of the solution in different regions with different scal-
ings, and to match them in an intermediate region. It has been used in [13] for the
situation of Figure 1 (see also [8] for a general framework). Although intuitive, this
method is difficult to justify rigorously, see [22, 9] for such a more recent justifica-
tion in the case of thin slots.

An alternative is given by the multi-scale expansion technique, consisting of a
superposition of terms via cut-off functions, which involve different scales. An op-
timal rigorous error analysis can be performed for such a method. This analysis
was performed V.G. Maz’ya and coauthors in [15, 16] and written in a very general
framework in the monograph [17].

In this paper we mainly investigate, as a model case, the solutions u. of the
Dirichlet problem for the Laplace operator set on a family of plane self-similar do-
mains % . For each fixed ¢, the regularity properties of u. can be very different from
those of their limit ug (more or less regular, depending on different configurations,
see Fig.1 and 2, respectively). An asymptotic expansion of u. as ¢ tends to 0 is the
right way of understanding the mechanism of this transformation.

Our aim in this work is twofold

(i) Provide the complete constructions and validations of the two different expan-
sions provided by the two methods of multi-scale expansion and matched asymp-
totic expansions for the same simple example, so that everything is made explicit
and as clear as possible,

(ii) Compare the two expansions with each other, i.e. split each term of each expan-
sion into sub-terms, and re-assemble them to reconstruct the terms of the other
expansion.

Our paper is organized as follows. In Section 2, we define the families of self-
similar domains and the problems under consideration, and next we provide an
outline of our results, giving the structure of the first terms of both expansions.
In Section 3 we state some preliminary results on limit problems in spaces with
asymptotics, which we call “super-variational problems”. Section 4 is devoted to
the method of multi-scale expansion, like in [3, 24, 2], where optimal remainder
estimates are proved. In Section 5, we present the method of matched asymptotic
expansions, with the construction of the terms and matching conditions, and, by the
technique of [22, 9], the validation of the expansion by remainder estimates. Sec-
tions 4 and 5 may be read independently. We compare the expansions obtained by
these two techniques in Section 6, providing formulas for the translation of the terms
of each expansion into the terms of the other one. In Section 7 we mention how ex-
pansions can be generalized to other situations (more general domains, data, opera-
tors, etc...). We conclude in Section 8 with the definition of a “compound expansion”
with the application to the study of the first singularity coefficient as ¢ — 0.
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2 Notation, outline of results

2.1 Self-similar perturbations

The families (% )->o under consideration are defined with the help of two domains,
w the limit (or unperturbed) domain, and (2 the pattern (or profile) of the perturba-
tion. We denote by = and X the Cartesian coordinates in w and {2, respectively, and
by 0 and O the corresponding origin of coordinates.

To simplify the exposition, we assume without restriction of the analysis that
there is one perturbation and that the corresponding reference point x coincides
with the origin 0. Indeed w and {2 do not “live” in the same world. The x coordinates
are the slow variables and X = Z are the fast variables.

The junction set. The connection between w and (2 is realized by a plane sector K
with vertex at the origin. Let 7 be the opening of K, including the situations of a
half-plane (o« = 1) or of a crack (o = %). Thus K is a dilation invariant set and
makes sense in both systems of coordinates x and X.

We denote by %, and B, the ball centered at the origin with radius p in the x and
X coordinates, respectively. Let (r, 0) and (R, 6) be polar coordinates correspond-
ing to variables x and X, respectively, and such that

K={zeR%r>0,0€c(0,X)} ={XeR* R>0,0¢(0,%)}.

The limit domain. Let w be a bounded domain of R?, containing the origin 0 in its
boundary Ow and we assume that there exists 7* > 0 such that

wNBr» = KN By

The perturbing pattern. Let 2 be an unbounded domain of R? such that there
exists R* > 0 for which

2NCr2Br- = K NCg2Bp-.

The perturbed domains. Let £ such that g R* = r*. For any ¢ < £(, %. denotes
the bounded domain

U = {xcw; |z|>eR}U{xe€e; || <r'}. 2.1

The domain %4 coincides with the limit domain w except in an e-neighborhood of
the origin, where its shape is given by the e-dilation of the domain {2, see Figures 1-
2. In the intermediate region e R* < |x| < r*, %. coincides with K

U N {eR" <o <r'} = KN{eR" < |z <"} 22

Note that (2 is the limit as & — 0 of the domain % /=, whereas w is the limit of .
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For the most part of this work, we do not assume any particular regularity for w
and {2, except the coincidence with the sector K in the matching regions.

2.2 The Dirichlet problem and its singularities

As the simplest, and nevertheless typical, example of elliptic boundary value prob-
lem on a family (%) of self-similarly perturbed domains, we consider the Laplace-
Dirichlet problem. We are interested in asymptotic expansions with respect to € of
the solution . of the problem

Find u. € Hy(%.) suchthat — Au. = f|o, in %.. (2.3)
Here f is a fixed function belonging to L.?(IR?). We assume for simplicity' that
f=0 in P 2.4)

Thus the support of f is contained in % \ %, which coincides with w \ Z,~,
hence independent of £. Without risk of misunderstanding, we denote simply by f
the right hand side of (2.3).

When ¢ tends to 0, we expect the solution u. of (2.3) to converge to the solution
ug of the limit problem

Find uo € Hy(w) suchthat — Aug = f in w. (2.5)

In the following, we will derive the full asymptotic expansion of w. into powers of
€. The nature of the terms in this expansion depends on the asymptotics as » — 0
and R — oo of solutions to the Dirichlet problem on the limit domain w and the
pattern domain (2, respectively.

Both asymptotics involve the singular functions of the Laplace-Dirichlet problem
in the sector K, which solve the homogeneous problem

s=0 on 0K and —As=0 in K. (2.6)

For the sector opening 7, a generating set for all solutions of (2.6) on the sector K
is given in polar coordinates (p, #) by (see e.g. [10, 7])

sP%(p, ) = pP*sin(pad), Vp e Z*. (2.7)

! This assumption may be removed, see section 7.1.
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2.3 Outline of results

As a result of our two methods of analysis, this expansion is described by two dif-
ferent formulas, the first terms of which we present now.

e The powers of € appearing in both formulas are the exponents pa of the singu-
larities (2.7).

e The remainders in the following formulas are of the form Oy (%), which means
that their norms in H!(%4) are uniformly bounded by C'e® as ¢ — 0.

Multi-Scale Expansion: The method of Multi-Scale Expansion consists in looking
for an expansion of u. in powers of € with “coefficients” v*(x) and V*(Z) in slow
and rapid variables respectively, and so that these terms are combined with each
other by cut-off functions x(Z) and ¢ (z) in rapid and slow variables respectively.
We choose a smooth function X +— x(X) which equals 1 except in a neighbor-
hood of O and another smooth function x +— 1(z) with compact support and equal

to 1 in a neighborhood of 0. The first step of the multi-scale expansion yields that
ue = x(£)0°(x) + O (%), (2.8)

with v° = wug, which makes precise in what sense ug is the limit of w.. Thanks
to the cut-off x(£), the term x(£) u®(x) is well-defined on % and is zero on the
boundary % in any configuration, cf. Figs 1 and 2 for instance. The next step of this
method yields the two-term asymptotics

ue = x(2) 00 (x) + P(x) V(L) + O (£29), (2.9)

which proves in particular that the remainder in (2.8) is optimal. The general terms
in the multi-scale expansion are x(Z) v**(z) and ¥ (x) VP*(Z), for integers p =
2,...,see Theorem 4.1 for an optimal estimate of remainders. The slow terms v (z),
A =2q, 3q, . . ., are also solution of variational problems in the limiting domain w,
while the profiles VA (X), A = a, 2a, . .. solve variational problems in the pattern
0.

The cut-off functions are used with a scale opposite to the associated terms of
the asymptotic expansion. As a consequence, the transition region where both terms
v°(z) and V*(£) contribute together to the asymptotics is the full domain (2.2)
where 7. coincides with the sector K. A wide range of problems can be treated
like this, ¢f. [17, Ch.4]. The slow-rapid product Ansatz can also be compared with
the homogenization and asymptotic expansions in periodic structures, see [21].

Matched Asymptotic Expansions: The method of Matched Asymptotic Expan-
sions consists in constructing two different expansions (the inner and outer expan-
sions) of wu. in rapid variables (near the perturbation) and slow variables (outside
the perturbation). A priori, none of these expansions is unique or valid everywhere.
They have to be matched inside an intermediate zone contained in the region (2.2).
The method consists in matching the asymptotics as X = £ — oo of the inner
expansion with the asymptotics as z — 0 of the outer expansion.
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Following the approach of [?] or of [22] it is possible to construct an asymptotics
of u. valid everywhere with the help of a smooth cut-off function ¢ at an interme-
diate scale £°, with a fixed § € (0,1). Let ¢ be such that ¢(p) = 0 for p < 1 and
¢(p) = 1 for p > 2. By the method of Matched Asymptotic Expansions we find the
following first terms, see Theorem 5.2,

us = p(r/e’) u’(z) + (1 - so(r/s‘s)) U (2) + O (£2°9),  (2.10)
with 8 = min{0d, (1 — ¢)}. The remainders are optimized if we choose § = % Here,
again, the first term u coincides with the limit uq. The general asymptotics involve
outer terms uP, defined in w, and inner terms UP defined in the pattern (2. All of
them are solution of what we call “super-variational problems”, i.e. problems set in
spaces larger than the variational spaces, see equations (3.9) and (3.17), and where
standard formulations would have non-unique solutions.

Comparison: The terms w2 Ve 2 and U exchange with each other via two
singular terms colinear to the singular functions s and s~ ¢, cf. (2.7). There holds,
see Theorem 6.1

{Ua(X)zva(X)er(X)b?ﬁ“(X)a Xen, 2.11)

u?*(z) = v?%(x) +(z) Bl s7%(x), z€w.

Here b and B{ are the first coefficients of singularities for v° and V¢, respectively.
More generally, all terms of the matched inner and outer expansions can be recon-
structed from the terms of the multi-scale expansion, and vice versa. The pros and
contras of each method are

e The multiscale technique gives by construction a global approximation of the
solution, with optimal estimates of the remainder, whereas twice as much terms
are needed in the case of matched asymptotic expansions if one wants the same
order for the remainder.

e The matched asymptotic expansions method builds outer and inner terms which
are canonical, i.e. they do depend only on the domains w and (2, and not on
cut-off functions, as it is the case for the multiscale technique.

3 Super-variational problems

In this section, we define the precise functional framework in which we will build
the asymptotic expansions. The objects we define here are needed to derive rigor-
ously both expansions.

All the terms in (2.8)-(2.10) appear as solutions of Dirichlet problems on w or
£2. We first recall their variational framework before considering their solutions in
larger spaces.
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3.1 Variational problems

The variational space V' (w) for the Dirichlet problem on the bounded domain w is
H{(w) and for f in its dual space, the variational formulation is

Find u € V(w) such that

/ Vu(z) Vo(z) de = / f(z)v(x) de Yo e V(w). G-

Problem (3.1) has a unique solution. As a classical consequence of an angular
Poincaré inequality, we find that the variational space is embedded into a weighted
Sobolev space

V(w) = Hy(w) € Wi(w) :={u € H(w); rtu € L*(w)}. (3.2)

The variational space V' ({2) for the Dirichlet problem on the unbounded domain
2 is the weighted space

V(2)={U € L3 .(2); (R)~'U € L3(2), VU € L3(22), Ulpn =0}, (3.3)

loc

where (R) = v/ R? + 1. Then, for f in the dual of V' ({2), the variational problem
below has a unique solution

Find U € V ({2) such that

(3.4)
/VU(X) VV(X) dX:/ FX)V(X)dX YV e V().
2 2

One can refer for example to [2] for more details.

3.2 Super-variational problems in w. Behavior at the origin

First, we introduce some functional spaces to specify the behavior near the origin.

Definition 3.1. (i) Let Vi, 0(w) be the space of distributions
Vioe,o(w) = {u € Z'(w) ; pu € Hy(w), Yo € 2(R*\ {0})}.
(ii) Form € N and s € R let W (w) be the weighted Sobolev space
W (w) = {u € 72'w); plBl=s—1 OPucl?(w), VB, |6 < m}.

Then, we particularize the meaning of O(r®) as follows:

Notation 3.2. For s € R, the function u : w — R is said to be a O,_,¢(r*) and we
write u = O,_o(r*) if there exists a neighborhood ¥ of 0 in R? such that
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Vm,neN, 3C >0, [rmo"0jul < Cr® inwn¥.

Combining the change of variables x — (¢t = logr, #) with Sobolev embeddings,
we prove:

ueWHwn?),YmeN = wu=0,_o(r°). (3.5)

Note that the converse implication is not true: the function z — 7° is a O,_o(r°),
but does not even belong to W9 (w N ¥).

For functions harmonic in a neighborhood of the corner 0, there holds:

Lemma 3.3. Let u € Vipeo(w) such that Au = 0 inw N for a neighborhood V'
of 0. Then for any real number s, we have the implication

u€Wiw) = u=0,_o(r"). (3.6)

Proof. Let u € W(w) satisfying the assumptions of the lemma. Let p’ € (0, 7*]
such that the finite sector K, := w N %, is contained in ¥ Let p € (0, p’), and
m € N be fixed. Let us prove that u belongs to W %(K ), where K, = w N 5,

For this, we consider two sectorial annuli, .o and <7/, defined as
o ={rcw py<l|z|<p} and &' ={zew py<|z|<p'},

with pf, < po < p/2, whence o7 C o7’. A standard local elliptic estimate reads, for
u satisfying u € WL(K ), Au € W, (K ), and v = 0 on dw N B, —see [1],

[ulltm+2(ary < O (| Aullgm ey + ullmr (o)) (3.7

Applying this estimate to the functions uy(z) = w(27*x) and summing up over k
the obtained inequalities (multiplied by 27°%), we get the following estimate from
dyadic partition equivalence

lullymszie ) < ClI1Aulwr i, + lulwi,))- (33)
The conclusion then follows from (3.5). O

We can now state about the solvability of super-variational problems on w, that
is, in spaces containing some of the dual singular functions s P“ for p > 1: If we
know the dual singular part of a function u € Vioc o(w) and its Laplacian Aw, then
this function is uniquely defined.

Proposition 3.4. For any data f € H=1(w), f = 0 in a neighborhood of 0, and

any finite sequence (a,)1<p<p Of real numbers, there exists a unique solution u to
the “super-variational problem”

Find u € Vige,0(w) such that
P

—Au=f in w and u—ZaPEﬂMZOTHo(l).

p=1

3.9
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Remark 3.5. If the sequence of coefficients (a,), is empty, the problem (3.9) is
nothing but the variational problem (3.1).

Proof. Let the smooth cut-off function 1 satisfy ¢(x) = 1 for |z| < r*/2 and
Y(x) = 0for |z| > r*. We setv = ¢ 3 a, s~ P, which obviously satisfies

v E Vloc,o(w), and Av=01in wnN %r*/g. (3.10)

Hence, the problem to find w such that —Aw = f + Awv in w admits a unique
variational solution w € V(w) = H}(w). Moreover, (3.2) gives that w belongs
to Wi (w), and by localization near point 0, w is a O, (1) thanks to (3.6); the
function u = w + v meets then the requirements. O

On the other hand, every solution of the Laplace-Dirichlet equation can be ex-
panded near the corner point 0 in terms of the singular functions, compare with the
results in e.g. [10, 18, 19, 7].

Proposition 3.6. Let s > 0 be a real number. We define P as the integer part of
s/a. For any u € Vige o(w) for which there is a neighborhood ¥ of 0 such that

Au=0in wnN¥ and u=Op_o(r %), (3.11)

there exist a unique finite sequence (a,)1<p<p and a unique sequence (b,)pen-
(generically infinite) such that for all N € N*

P N
u(@) = 3 aps P, 0) + Y 0,87 (r,0) + Op_o(rV D), (3.12)
p=1 p=1

Notation 3.7. In the situation of Proposition 3.6, we write

P oo
u(@) = > aps P (r,0) + > bys"(r,0). (3.13)
p=1 p=1

Proof. One can prove this lemma using the Mellin transform, see [10]. In the par-
ticular case we are interested in, an argument based on separation of variables via
angular Fourier series also leads to the result. O

In accordance with the literature on corner asymptotics [19, 6, 4] we can call
the sum > a, s P the dual singular part of u, whereas > b, sP® represents the
asymptotics of the variational part of v and can be called primal singular part of w.

In the particular case of an opening angle equal to 7, i.e. « = 1, the asymptotics
of the variational part contains polynomials only — it is a Taylor expansion, but the
dual singular part is actually singular. More generally, if the opening angle has the
form 7 with a positive integer n, i.e. @ = n, the asymptotics of the variational part
is polynomial and can be regarded as regular.



Self-similar perturbation near a corner 11

3.3 Super-variational problems in (2. Behavior at infinity

We give for the pattern domain (2 similar definitions and results as in the previous
section, » — 0 being replaced with R — +o0.

Definition 3.8. (i) Let Vioc o0 (£2) be the space of distributions
Vioe,o (£2) = {U € Z'(12) ; U € H{(£2), Vo € Z(R*)} .
(ii) Form € N and s € R let W({2) be the weighted Sobolev space
W (2) ={U e 7'(2); (R)IT10RU e L2(2), VB, |8l <m},
where (R) = v/R? + 1.

In the following, we shall say that W is a neighborhood of infinity if there exists
a ball By of radius R such that

CreBr C W. (3.14)

We introduce, similarly to Notation 3.2
Notation 3.9. For s € R, the function U : {2 — Ris said to be a Op_.c(R?) and
we write U = Og_.o(R?) if there exists a neighborhood W of infinity such that
Ym,neN, 3IC >0, |RMIFOyU(R,0)<CR°’ in 2NW.
We have the implication

wEW™MQAW), VmeN = u=0p_(R). (3.15)

Thanks to a similar shift result as for Lemma 3.3, we get

Lemma 3.10. Let U € Vige,o0(£2) such that AU = 0in 2NW for a neighborhood
W of infinity. Then for any real number s, we have the implication

UecWiR2) = U=0g_(R. (3.16)

The following two propositions are the counterparts of Propositions 3.4 and 3.6. The
dual singular functions at infinity in {2 are now the s”* for positive integers p.

Proposition 3.11. For any F € H™'(02) with compact support in 2 and any fi-
nite sequence (Ap)1<p<p of real numbers, there exists a unique solution U to the
“super-variational problem”

Find U € Vioc,oo(Q) such that
P
~AU=F in 2 and U — ZApspa — O (1). (3.17)

p=1
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Proof. Itis very similar to Proposition 3.4, the suitable variational space being here
V(02) = W(92). O
Remark 3.12. If the sequence of coefficients (A4,) is empty, the problem (3.17) is
nothing but the variational problem (3.4).

Proposition 3.13. Let s > 0 be a real number. We define P as the integer part of
s/c. For any U € Vige o0 (£2) for which there is a neighborhood W of infinity such
that

AU =0 in 2NW and U = Op_.(R’), (3.18)

there exist a unique finite sequence (Ap)i1<p<p and a unique sequence (B, )pen-
(generically infinite) such that for all N € N*

P N
UX) =Y A,s"(R,0)+> Bps " (R,0) + Opoo(B~ Nt (3.19)

p=1 p=1

Notation 3.14. In the situation of Proposition 3.13, we write

U(X) ZA s"(R,0) + ZB 5 PY(R, 0). (3.20)

R—>OO
p=1 p=1

4 Multi-Scale Expansion

The multi-scale expansion in the domain % is composed of two different types of
terms: the slow terms involving the original variable z, and the profiles appearing in
the rapid scaled variable Z. They are superposed via cut-off functions according to
the Ansatz

_ % Z&,Za Za deavea % ( )7 4.1

where the functions y and 1 are smooth and satisfy

3R*
X(X) =1for|X|>2R* and x(X) = 0 for | X| < 5
* 4.2)
P(x) = 1for |z| < % and t(z) = 0 for |z| > r*.

The first sum in (4.1) has its support away from an e-neighborhood of the limit
point 0 and, conversely, the second brings a contribution in a neighborhood of 0
(independent of ¢). The transition region is the common support of the two sums
which, thanks to (2.2), satisfies for any £ < £¢/2,
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U N (suppx(;) ﬁsuppw) C{x e, eR* < |z| <r*}
€
={r e K, eR" < |z| <r"}.

The construction principles of the terms is as follows: v/ and V** are solutions
of variational problems in slow variables © € w and fast variables X € (2. The
cut-off by x(£) = x(X) and ¢(z) introduces an error in fast and slow variables.
These errors can be corrected with the help of the expansions as » — 0 of the terms
v*@ and as R — oo of the terms V““. Both expansions in homogeneous terms do

make sense in fast and slow variables simultaneously, which allows us to bridge the
terms in the two sums in (4.1).

4.1 The construction of the first terms

Step 0. Let v° = ug be the solution of the limit variational problem (2.5). Since
00 is defined on the domain w, and not on %, we choose to consider the truncated
function 2° = x(£)v" instead. We note that 2° satisfies the Dirichlet boundary
condition 7° = 0 on 9% and belongs to H}(%.). We consider the first remainder
0 defined as

us(w) = x(£)0°(x) + 12 (@).

Thus the support of Ar? is contained in the support of Vx(%£). Using the commu-
tator [A, ¢] defined by [A, p]f := A(ef) — pAf, we find

— Ar(z) = ([A,x(£)]v°) (2)
=2V,0%(2) - Vo (x(2)) +0°(2) A (x(2)).  (4.3)

Since f = 0 in a neighborhood of 0, according to Proposition 3.6 (and using Nota-

tion 3.7) there exists a sequence (bg)p>1 such that v expands as » — 0 as

v0(z) = Zlbggpa(x). (4.4)
-

We insert the expansion (4.4) into (4.3). For each of its terms we use the funda-
mental relation which allows to convert the commutator in fast variables

(A, x(£)] 87 () = e 2P ([Ax, x] s7) (2). (4.5)

Thus the remainder (4.3) can be written as

-0

Ard(z) = —e 2 nga bg ([Ax.x] 7)) (2). (4.6)
p=1
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To complete step 0, we set V0 = 0 and we are going to consider the further terms
forp =1,..., as right hand sides of a problem on {2 in the fast variable X = Z.

Step 1. The first term in the remainder asymptotics (4.6) is
e 2 bY ([Ax, x] s%)(X). 4.7

This function is smooth with compact support. Let V* be the solution of the varia-
tional problem in {2, ¢f. (3.4),

Find V* € V(£2) suchthat — AxV® =b[A,x]s* in 2. (4.8)

Then it is clear that A, (sa V“(g)) coincides with the function (4.7). Therefore a
better start for the asymptotic expansion of u. reads

X(2)0° (@) + (@) V(2),

which satisfies the Dirichlet boundary conditions on 0%, and the associated re-
mainder 7¢ is defined as

ue(z) = x(2)0° (@) + P(x)e V(L) + 72 ().
Since v = 1 on the support of the right hand side (4.7), we find

Arl(z) = —[A, x(2)] (v°(z) — bYs¥(z)) — [A,]e*V(2). (4.9)

g

Again, the commutator [A, x(£)](v°(z) — bfs®(x)) will be converted in rapid
variables, and since

v0(z) — bl (2) =~ D bYst (L), (4.10)
p=2

we have gained one power of ¢¢.

Next, we express the other part of the remainder (4.9) in slow variables. Thanks
to Lemma 3.10, we have V(X)) = Opr_.o(1). Thus Proposition 3.13 yields that
V< expands at infinity as

o0

Vex) =~ > Bl (X). (4.11)
p=1
Since As—P® = (, we find
[Ag]evea(z) = B [A )]s (). 4.12)
p=1

The terms in (4.12) start with £2®. They can be compensated by the solution of
problems in w. We set v = 0.
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Step 2. Next we define v2 as the solution of the problem in slow variables in w
Find v** € Hj(w) such that — A,v** = B} [A, 4] 57, (4.13)

and V2 as the solution of the problem in fast variables in {2 (compare with (4.8))

Find V** € V(2) suchthat — AxV?>* =bJ [A, x]s>. (4.14)

4.2 The general construction

The construction is done by induction. Let us assume the asymptotic expansion built
up to order n — 1, i.e.

% 26&1 Ea Z&lavla % ,rénfl)oz(x)7 (4.15)

with v’® € H}(w) and V¢ € V(£2) whose Laplacians vanish in a neighborhood
of zero and oo, respectively. For ¢ = 0, .. — 1, we expand the term v** into
singular functions at the corner point (see Proposmon 3.6)

+ oo
) = > bl (x), (4.16)
p=1

and, we also expand the profiles V‘® into dual singular functions at infinity (see
Proposition 3.13)

+ oo
Vi (Xx) = > Bl (X). (4.17)
p=1

The definitions for the next terms v™* and V"% generalize (4.13) and (4.14). The
function v € H}(w) solves

Ao (z) =

ZBn 50y )1, (4.18)
and, V" € V({2) satisfies

AV (X) = —

n—1
X))y bflﬁ("—f)a(x’)] : (4.19)

Let us calculate the residual: The Laplacian of the remainder is given by
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Ar () = Auf _zew[ (2)0 (@) + AWV ()] @20

Next, we expand this relation using (4.16), (4.17), and relations (4.18), (4.19) with
nreplaced by 1,2,...,n — 1. We obtain

n—1
Arlr=De = =N AN + [A]VE ()], @D

with
k 400
v (z) = v (x) — be; P () = Z bf;sm(a:)
PR (4.22)
VE(X) = V(X ZBf;s*pa ) = > Bls (X
p=k—+1

The leading term of the remainder Arﬁ"‘”“ corresponds to the lowest terms in the

sums in the right hand sides of identities (4.22), and is therefore

[Z€€ab€ 5(n 0o ( %

which leads after scaling to, compare with (4.18) and (4.19):

<A [Z bl 50 (2)(2)| + 4 (3 Bﬁéﬁ_("_m(x)w(x)b |
=0

{=1

+A

Z "By, 5("4)“(5)1#(%)]

+A

4.3 Optimal error estimate

Theorem 4.1. The solution u. of problem (2.3) admits the following multiscale
expansion into powers of € (recall that ]« is the opening angle of w at 0):

g Zgﬁa Za Zgﬁavﬁa g na( )7 (4.23)

where the terms v*® and V** do not depend on €, and are defined in w and §2 by
Equations (4.18) and (4.19), respectively. Moreover, the remainder 7 satisfies the

following estimate
2l 2.y < CeDe. (4.24)
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Proof. A basic technique to estimate the remainder consists in investigating the
Laplace-Dirichlet problem it solves. By construction, v satisfies the homogeneous
Dirichlet condition and belongs to H} (%% ). By uniform coercivity, there exists Cp >
0 such that

72l 2.y < Coll A2 lg-1(2), Ve < €0 (4.25)

Since Ar® has the expression (4.21) (with n—1 replaced by n) we have to estimate
each of its terms in H~1(%)-norm.

e For all v, the commutator of A and x(7) is given by

([A, x(D)v) (2) = 267 V(@) - (V)(£) + e () (Ax)(£). (4.26)

Hence, the support of [A, x(Z)]v is included in the annulus 3R*¢/2 < r < 2R*e.
For v{®, which is a O,_o(r**1*), one obtains the L.>°-bound

1[4, X(é)]vio‘HLw(%) < Celbtha=2, (4.27)

Fig. 3 Point z., distance 7, and supports of cut-off functions ) and X(§)~

Let us choose X such that Xy € 942 and | Xo| = R* (such a point does exist
since {2 coincides with K in the region R > R*). Then the point z. = Xg/e
belongs to 0%, see Figure 3. Moreover, if we set

Te(7) = | — x|

we find that 7 is equivalent to 7 in the support of [A, x(<)], uniformly in €. Since
T. € 0%, there holds

=]

vy SOlleli ), Vo€ Ho(%),
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with a constant C; independent of ¢ < £0/2 and w. Let w € H{(%.). We deduce
via Holder inequality

([ax@]eiew) = (Flax] £ )

< [A,X(é)]vﬁaHLw(%) F5||L2(”Z/5) wHHl(%)
< CE(kH)ai?EQ‘WHHl(%)'
Hence
1A X0 -1y < CE®HD (4.28)

e Using that the function V}/® is a Or_, o (R*+1%), we easily deduce the estimate
|| [A, w]vlfa(g)HLz(g]/E) < Cg(k—i—l)a.

Hence

|14, v]ViE < C el (4.29)

(é) ||H—1(?/€)
One deduces immediately from (4.21), (4.28) and (4.29)

| Arz < Celktha (4.30)

Nl o

and using the a priori estimate (4.25), we obtain the bound (4.24), which ends the
proof. O

5 Matching of asymptotic expansions

5.1 Formal derivation of the asymptotic expansions

We will represent the solution wu. as a formal series in each zone of interest, that is
the corner expansion (or inner expansion) near the origin 0 and the outer expansion
away from 0. We write these two formal series in the form

+00 too
Ue () =~ Z gt Uza(f) and  uc(z) >~ Z gl (x). (5.1
{=—0o0 l=—o0

This Ansatz is suggested by the homogeneity of the singular functions, see (2.7). We
will give a sense to the infinite sums in terms of asymptotic expansions later on.

Since the H'-norm of u. is uniformly bounded with respect to €, we know that
all the v’ and U% for ¢ < 0 are just zero. Moreover, it is clear that the terms of
the asymptotic expansions must satisfy
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—Au’ = fin w and u°

V>0, Au'* =0 in w and v’ =0 on dw\ {0}, (5.2)
V0>0, AU =0 in £ and U’ =0 on 9.

=0 on Jw,

Now we need to ensure the matching of the two formal series in the transition zone
eLr<l. (5.3)

To do so, we expand the terms u‘“ and U*®. Thanks to Propositions 3.6 and 3.13 —
note that 7 < 1 and ~ > 1 — these expansions read 2

—+o0

u(@) =3 (af 577, 0) + b 5 (r,0)),

" (5.4)
vtex) =3 (Af, (R, 0) + B! 5—1’@(3,0)).

p=1

We use the homogeneity of the functions s”* and transform the rapid variable = into
the slow one 7. Ensuring the equality of the two formal series (5.1), we get

5 5 (i o)
- (S (e s )
S5 (S (ron e

Identifying the terms of the two series leads to

0 pl+p L _ pl—p
b, = A, and a, =B,

(5.6)

¢ and aﬁzO if p>4,
, (5.7

af,:Bf;’p if p <
</ and Af)infp>€,

AL =plr if p

knowing that bf;’p = Bf;’p = 0 for p > /, since the terms u™* and U™ are 0 for
n < 0.

2 Note that we do not use the boldface notation for the coefficients bg, because we do not yet know
whether they coincide with the coefficients bg already defined in Section 4. The coincidence will
be shown in Section 6.



20 Monique Dauge, Sébastien Tordeux, and Grégory Vial

Remark 5.1. Here, we have chosen to derive the matching relations without any
knowledge of the matched asymptotic technique. However, one can derive the rela-
tions (5.7) using the Van Dyke principle, see [23].

5.2 Definition of the asymptotic terms

For ¢ € N, the functions u*® and U’ are defined inductively. The following al-
gorithm defines step by step u‘® : w — R, U™ : 2 — R, b’ = (bf,)peN*, and

B* = (B}) oy forf € N.

Step 0. u® € Vioc0(w) is defined via Proposition 3.4 (in the particular case of Re-
mark 3.5) as the unique function satisfying

Au’=—fin w and u’ =0, (1). (5.8)

Moreover, U is chosen to be 0. Let b° be the sequence of numbers defined by
Proposition 3.6 and B be zero:

0 0 0 0
b = (bp)peN* and B° = <BP)pEN* =0. (5.9)
Step £. We denote by a* = (ag)peN* and A* = (Af;)peN* the two finite sequences

of real numbers such that

ab = BLP if 1
AL =07 if 1

<p<l—1 and al=0if p>,
(5.10)
<p<l and AL =0if p>l+1.

The functions u‘® and U*® are defined via Propositions 3.4 and 3.11 as the unique
solutions of the problems

Find u*® € Wioc,0(w) such that

it 5.11)
Au'* =0 in w and u’™ — Zaﬁ § P = 0,0(1), ©
p=1
and
Find U ¢ Vioe,0o(§2) such that
¢ 5.12)
AU =0 in 2 and U =) AL s = Op_(1). e

p=1

Finally, we define the sequences b’ and B associated with u** and U** in Propo-
sitions 3.6 and 3.13

b = (b;;)peN* and B’ = (Bf;)peN*. (5.13)
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5.3 Global error estimates

The main idea to prove error estimates is to define a global approximation .5, €
H{ (%) of u. by the formula

~e Ea
una n(e) Z € (1 -
£=0

where ¢ is a smooth cut-off function with ¢(p) = 0 for p < 1 and ¢(p) = 1 for
p > 2 and 7 is a smooth function of € such that

))) S ute(z),  (5.14)

{=1

1ir% ne)=0 and lim n(e) = +00. (5.15)

e—0 ¢

Theorem 5.2. There exists a constant C such that

e = Tl < € [(00) T+ (o) a0

Remark 5.3. One can optimize the estimate (5.16) by choosing the best 7: For
n(e) = /2, there exists a constant C' such that

ue — Wl pr(zy < C T2, (5.17)

Proof. First, we denote by €, the approximation error at step n

Cha () = U0 (7) — uc()

and by &, the corresponding matching error

n

Eoulw) = D [ul (@) ~ U ()],

£=0

Of course, the matching error makes sense and is small only in the intermediate
region; we shall express the H!-norm of €, over % in terms of £, in this region.
By harmonicity of u., u‘®, and U*®, we obtain

AE (z) =

no

Since €, belongs to H} (%), the Green formula leads to

[Aw]((—) o).



22 Monique Dauge, Sébastien Tordeux, and Grégory Vial

+ —[né)P /?l [AQ](55) Ena Ena dz

€

<57 [1€allcontey + MONVE o ne) |15

with the notation, for p € [1, o]

ullpnee) = llullLe({zew ; nee) < r < 20(e)})- (5.18)

Using a Poincaré inequality on %4 (uniform with respect to €), we get

C
el ) < e |:||g'reta||00777(5)+77(£)va'r€ta|‘oo,n(€):| X [€nallLne)-

The conclusion follows from the following two lemmas (proved below). a

Lemma 5.4. There exists a constant C' such that for all w € H{(%.), the norm
1wl 1,n(c), defined in (5.18), can be estimated as follows

lull1,ne) < C @) lullu .- (5.19)

Lemma 5.5. There exists a constant C' such that — for the definition of the norms,
see (5.18),

IEalen < € [(0) " (5)"] s
IVE alloome) < C % [( (e ))(nﬂ)a (n%))(n+l)a] (5.21)

Proof. [lemma 5.4] For all u € H} (%) and for all € [n(¢), 2n(e)]

/“ lu(r,0)| do < / / ’} o < _/ ou. 0)] do.
0 @ Jo
Hence, we have
2n(s) % @) 3o
/ / lu(r, 8)] rdr do < —/ / —(r, 9)‘ rdr df
n(s) o @ Jnie) Jo

27(e) 2n(
T /( | / M| 0 1 )| v d < € mie) |Vl 0.
n(e

We conclude using the Cauchy-Schwarz inequality that

lulline < Cue) IVulline < CWE) [Vullzge).
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O

Proof. [lemma 5.5] We will give the proof of (5.20). Inequality (5.21) can be ob-
tained using the same technique. The first step is to expand the u® and U** using
(3.12) and (3.19). By definition of u‘® and U — see (5.11) and (5.12), and taking
(5.10) into account one finds

¢ n—~{
ufa(if) = Z B;;*P s Pr,0) + Z b;; sP% (1, 0) + OTHO(T,(nJrlfé)oz)7

p= 1 p=1
n—~

Ut (X Zbe PsP(R,0) + Y BLs "(R,0) + Op_oo(R71).
p=1 p=1

Since 7(¢) tends to 0 and 7)(&) /e tends to +oo when ¢ tends to 0, one has for () <
r < 2n(e)

L
' (@) = Y By s () Zbes”“ r)| < C e,

p=1
4 n— é
U2y = S vz 0) ~ 3 By (2 0)| < O]
p=1 p=1
(5.22)
Let S be given by
n 1 n—~
- Z cla ( Z Bf;’p s P(r,0) + Z bf; P (r, 9))
=0, (5.23)
S (e +ZBes »(z,0)).
£=0 p=1

From (5.22) and triangle inequalities, we obtain

€8 (. 8)— S| < {dea i e>a+zgea e o e)a}

£=0

(n—i—l)oz Zor (n+1)a
{ + ; (&)™ (5] }
0

< C{mE@)e e 4 [pgeHed . (5.24)

Now it remains to show that S = 0. By definition — see (2.7) — the singular functions
5P satisfy the homogeneity property

5P, 0) = P 5 P(r,0) and  §P%(r,0) = P 5P(Z, 0).
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Therefore, S is given by

Z ZE(Z p)aBZ p 5*17& + Z ngabﬁ 5pa 7,, 9)

L= Op 1 L= Op 1
—§ j§ ellmmapl=r v (r g) § j§ Bl s (L,0).
=0 p=1 =0 p=1

The change of variables £ — p — ¢ in the first and third terms leads to S = 0. O

5.4 Local error estimates

In this paragraph 2, will denote the ball of radius 7 and of center O. Starting from
the global error estimates obtained in (5.17), it is easy to get estimates far from the
corner and near the corner

Theorem 5.6. For any ro > 0, there exists C' > 0 such that

0) “ u(r,0)| — Oy, 5.25

‘ ue(r ZE H (w\ %0y (& ) ©25)
For any Ry > 0, there exists C > 0 such that

(¢R.0) @ U(R,0)| = O(elmDe), 5.26

’ ue(e ZE R, HY(2N%BR,) (e ) ( )

Proof. To prove (5.25), we remark that, for £ small enough, the only contribution
comes from the terms u‘®

U, = eu in U\ By =w\ By, (5.27)
=1

Consequently,

e — U5l (\2,,)
< ||'LL€ - af2n+2)a”H1(w\35ro) + ||af2n+2)a - '/u’\fta”Hl(w\%ro) (528)

< ||'LL€ - ann-{—Q)aHHl(%g) + ||af2n+2)a - ai,a”Hl(w\%m)'
On the other hand, it follows from (5.27)

2n+2

Uoon s 2)a = > & in w\ %, (5.29)
l=n—+1
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Las

and, since the 4**’s do not depend on ¢

[@ant2)a — Unallm @2, < C gt (5.30)
Due to (5.17), one finally has

e = W 9)0ll (@\2,,) < C T (5.3

The estimate (5.25) follows from (5.27), (5.28), (5.30) and (5.31). The same tech-
nique leads to (5.26) as well. A scaling is needed (R = r/¢) to recover a domain
independent of €. ad

Remark 5.7. Due to estimates (5.25) and (5.26), the outer and corner expansions
are unique. Moreover, as the remainders are of the same orders as the first neglected
term in the outer and corner expansions, these estimates are optimal. The outer and
corner expansions can be seen as Taylor expansions of the exact solution expressed
in the (r, 6) or (r/e,0) coordinates.

6 Comparison of the two expansions

In Section 3, starting from the outer and corner (matched) expansions, we were able
to build a global asymptotic expansion for the solution u. of problem (2.3), see
expression (5.14). Using the multiscale technique, we proved in Section 4 another
asymptotic expansion, which is also valid in the whole domain 7/ . The global error
estimates given in Theorems 5.2 and 4.1 allow to compare these expansions.

Theorem 6.1. The expansions (5.14) and (4.23) compare in the following way:
e The terms u™* and v coincide away from the corner point i.e. for r > r*;
e The profiles U™ and V™ coincide in the corner region i.e. for R < R* /2.
More precisely, we have the identities

" (x) =u" Za” (),
6.1

n

Vre(X) = U (X) — Z An s (X

where the coefficients a;, and Ay, are those defined in Section 5.2.

Proof. The first two statements follow directly from the optimal estimates, (5.25),
(5.26), (4.23), and (4.24), via localization. To get formulas (6.1), we start from prob-
lem (4.19) which defines V. We set
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0(X) = V"™ (X be s (X) (62)

From the definition of V" (see (4.19)), Une satisfies AU™® = 0 in £2. Hence, one
has ~

AlU™ —U™] =0 in 2, (6.4)
Ure(X)—Um(X) =0 for R< R*/2.

Since U™® — U™ is harmonic, it is analytic in §2. Hence, by unique continuation
Theorem, U™ = U"®. Moreover, as V" is a Or_. (1), one has A} = by~?

The same argumentation can be done for ™. O

Remark 6.2. As can be seen in (6.3), another formula linking the two expansions
is
n—1

u () =" () + P(z) Y BT sP(x),
p=1 (6.6)
Unoz( ) Vno/ Z bn pspa

Moreover, as Ag = bg'_p and due to the matching condition (5.10), one has
Y Y *
B,=B, and b,=0, V/eN, VpeN. (6.7)

Remark 6.3. The mechanism to switch from expansion (4.23) to expansion (5.14)
consists in using the homogeneity of the singular functions s”* to pass them from
fast variables into slow variables:

n L
Z EEav@a % Z {_:Za |:UZ0¢ T\ X(g) Z Af) 5pa(§)j|
£=0 £=0 =

Y crte() - () 3 Y A o)

£=0 £=0 p=1
n n n—j

=) () oY A o)
=0 §=0 p=0"~"

—ht
_bp
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The second term involves the slow variable and will contribute to the terms (u‘*) in
the intermediate region.

7 Extensions and generalizations

The above results can be more or less easily generalized to other situations of inter-
est. For the convenience of the reader, we briefly present a few of them:

1. Smooth right hand sides f without condition of support,
2. Neumann boundary conditions,

3. Small holes and multiple junctions,

4. Helmholtz operator.

7.1 Smooth data without condition of support

Until now we have assumed that the right hand side f of problem (2.3) is zero in
a neighborhood of the limit point O of the e-perturbation. This assumption can be
relaxed by considering functions f which are restrictions to % of a C* function f
defined on a neighborhood of U.<.,%:. In this case we can write

“+oo
fla) = > fir0) with fi(x)=c? f1(). (7.1
q=0

The asymptotic expansion (7.1) of the right hand-side introduces new terms with
integer exponents in the asymptotics of ug = v" as 7 — 0: Instead of the infinite
expansion (4.4) we have now

oo

00 (r, 0) = > b0 (r,0) + > TU(r,0), (7.2)

p=1 q=1

where T9(r,6) is a sum of terms of the form 7% () and r9logry; (0) (with
p1 = 0 if « is not rational). In turn, these new terms induce new factors with
integer powers of ¢ in rapid and slow expansions. If « is not a rational number, the
expansion of u. takes the form, compare with (4.23):

we= 0 (&) 0 () 4+ (@) VIUHI(E)) 4 Omi (7). (13)
p, gEN
pa+q<s
The asymptotics obtained by matched asymptotics expansion contains the same
powers of € as (7.3). In the case where « is rational, logarithms may appear via
the scale eP**4 log ¢. For more details, we refer to [17, 2].
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7.2 Neumann boundary conditions

Instead of (2.3) let us consider the problem

Find u. € H(%.) such that Yv € H (%), / Vu. - Vudz = / fode.
%g %e

(7.4)
Its solvability needs the compatibility condition

/ fdr =0, Ve<eg. (7.5)
Ue

Let us assume that f = 0 in a neighborhood of 0 and that fw f dz = 0. This implies
condition (7.5) for € small enough. To ensure uniqueness, we require

/ us.dr =0, Ve <egp. (7.6)
U,

The construction of the multiscale expansion for u. relies on the solution of varia-
tional Neumann problems in w and (2. In the unbounded domain (2, the variational
space V' ({2) is defined as

{Uec2'(2); VUcL?(), (1+R)*(log(2+R))'UecL*N2)}. (1.7)

The bilinear form (U, V) +— [, VU - VV dz is continuous and coercive on the
quotient space V' (£2)/R, see [?] or [2, Prop. 3.22]. Therefore, like in w, the solution
of the Neumann problem in (2 with right hand side F' requires the compatibility
condition f o F'dX = 0. Thus new features have to be taken into account:

1. Compatibility conditions. The right hand sides which occur during the construc-
tion have the form [A, ] s77* in w and [Ay, x| 8P in £2, with the Neumann
singularities sP* = pP® cos pafl. Since sP“ is harmonic, these right hand sides
are equal to A(¢) s~ P%) and A (x %), respectively. The functions ) s P* and
x 8% satisfying the Neumann boundary condition on dw and 0f2, respectively,
we can show that the compatibility conditions are fulfilled for all integer p > 1.

2. The role of constants. (i) The asymptotic expansion of v° at O starts with b{s?,
which is a constant. The associated problem in fast variables is, cf. (4.8)

—AVY =bJAyx in 2 and 0,V° =0 on 90. (7.8)

We choose the solution V® = b{(1 — x). Thus, in particular, ¢(z)V(%) =
Vo(f): The cut-off by ¥ does not introduce any error. Let us notice that the
function x (2) 4 ¢ (z)(1 — x)(%) represents the extension by 1 from w to Z..
(ii) For problems in (2 giving VP, p > 1, we choose the variational solution
which tends to 0 as R — oo.

3. The condition for uniqueness. By construction the slow variable terms vP* have
a zero integral on w. Using their asymptotics as » — 0 we find that
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| @@ =g per
For fast variable terms we find
[ v@vrea—ge, gex
.

We compensate the possible non-zero integral of the multiscale expansion by a
series of constant functions — with values v, , € R, p € N, n € N* — associated
with the gauge functions e?*+2", Taking the equality f% dz = measw + &2
into account, the v, ,, are defined by forcing the formal equality

+o00 +oo +oo
NPt (B, + B)) + (measw +762) Y N2y, =0, (7.9)
p=0 p=0n=1

In the end we obtain a multiscale expansion of the form

ue = Y & (X(E) v @)+ () VI

peN neN*
pa<s pat2n<s

m\lﬁ
_|_

(]
2
3
™

) 4O (). (7.10)

7.3 Small holes

The set K = R? may also be convenient as a junction set: It allows to consider the
case of small holes (or small cracks) of size € inside %.. This is indeed the first case
considered in the book [17, sec. 2.4.1]. Let us consider the Dirichlet case. Then we
are in a situation which shares common features with the Dirichlet case investigated
in the most part of this paper, and the Neumann case considered above.

Indeed, the limit problem in w is uniquely solvable. But the limit problem in {2
is not coercive on the subspace of W} (£2) with zero trace on 9¢2. The correct varia-
tional space is the subspace of the space (7.7) with zero trace on 0f2. Nevertheless,
arguments are slightly different from the Neumann case (like in [2], the asymptotic
behavior log R as R — oo has to be considered). The outcome of the analysis is
the appearance of terms (log €)™ *. Finally, cut-off functions x () and ¢ () can be
simply omitted since % is a subset of w and of (2.

7.4 Domains with multiply connected junction sectors

This is the situation where the family of domains (%%) is defined like in Section
2.1, where we relax the assumption on that the set K is a plane sector. Our results
extend to the case where K is a finite disjoint union of plane sectors K1, ..., K,,
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with common vertex. Accordingly, we relax the assumption on w which is still open
and bounded, but can be multiply connected. The unbounded open set {2 can also
be multiply connected. The open sets % have still to be connected. If m = 2,
this requires that either w or (2 should be connected. Of course, the interesting case
occurs when (2 is connected, see Figure 4.

Fig. 4 Example of domains w, 2 and % in the multiply connected case (1 = 3, g = 1).

The generalization of our expansions to this situation is straightforward. We de-
note by 7/, ..., 7/, the openings of the sectors K7, ..., K,,. The multiscale
expansion of u. solution of the Dirichlet problem (2.3) with a right hand side f = 0
in a neighborhood of O is as follows. For all real number s > 0 there holds

Ue = § Eplal +tPmom (X(%) Uplal"r""‘l’p?nohn (x)

P1y--sPm EN
P1a1+ o+ Pm o <8

+1(x) Vplf’l*"'*pm“"‘(f)) +Omi(e®). (7.1D)

Here V? = 0, and v* = 0 for j = 1, ..., m. The matched asymptotics exansion is
similar.

7.5 Non homogeneous operators : Helmholtz equation

The investigation of the Helmholtz operator in a singularly perturbed domain is of
major importance for applications, see [9, 22] for an example of wave propagation
in a domain with thin slots. We want to give here the key arguments to derive and
justify the matched asymitptotic of the solution of the following model problem,
posed in the domain % defined in (2.1):

Find u. € Hé(%) such that — Au. — k*u. = flo. in %, (7.12)

where for the sake of simplicity we suppose that

(1) «isnot arational,
(ii) —k? is not an eigenvalue of the Dirichlet Laplacian in the limit domain w.
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The first assumption avoids the occurrence of a logarithmic gauge function in the
asymptotic expansions. The second leads to a well-posed limit problem.

This situation is rather more technical since this operator is not self-similar :
2 1 2.2
A+ k :E—Q(Ax-i-é k) (7.13)

A second difficulty comes from the loss of coercivity. The proofs of existence and
convergence need then to be modified, see for example [17, Ch.4] and [9, 22].

Some preliminaries on super-variational problems.

According to a common usage, we denote by J,,, and Y}, the Bessel function of
first and second kind of order pa, respectively, see for instance [12].

Proposition 7.1. Under condition (ii), for any finite sequence (a,)1<p<p Of real
numbers, there exists a unique solution u to the “super-variational problem”

Find u € Vige,0(w) such that

P
Au+k*u=0in w and u(x)= Z ap Yoo (kr) sin (pab) + Or_o(1).

p=1

In the neighborhood of 0, this solution can be expanded as follows

P +o0
u(z) = Z ap Ypo (kr) sin (pad) + Z by Jpa(kr) sin (pad).
p=1 p=1

Let Jya,¢ and Y),, ¢ be the coefficients of the generalized Taylor series of the
Bessel functions J,, and Y}, (the coefficients for odd ¢ are all zero):

1
Toal2) = 3 Ty 2 and Vi (2) = 3 Vi
LeN LeN

Proposition 7.2. Under condition (i), for any finite sequence (A}')1<p<p, 0<m<M
of real numbers, there exists a unique solution (U™ )o<m<m of the “super-varia-
tional system”

For m=0,...,M, find U™ € Vige,00(£2) such that

AU™ + k2U™=2 =0 in 2, (with convention U™ = 0 if m < 0)
P m
Un(X)= Z Z A;"‘_e Tpae (R)P*TE sin (pad)

p=14¢=0
+oo m

+ N By Yo (kR) TP sin (pad) + Opoo(1),

p=1¢=1
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where (B;,")ogp<+oo7 o<m< M are the coefficents such that in the neighborhood of
infinity there holds

P m
Un(X) = SN AT Jpae (RR)POH sin (pad)
=1/4=0
g—oo m
+ Z Z B;"‘_e Yoo (kR)7PF sin (pad).
p=1 ¢=0

Remark 7.3. If condition () is not satisfied, the expansions of .J,, and Y}, do not
only include terms of the form 7 but also terms of the form 7# (In r)¥.

Definition of the matched asymtptotic expansions.

The gauge functions appearing in the asymptotic expansions of u. are of the form
emtne je. we look for the two asymptotic expansions with the form

’U,g(l‘) ~ Z Em—!—nozUm,n(%) and us(x) ~ Z €m+naum,n(x).
(m,n)eN? (m,n)eN?

The coefficients of these expansions can be defined hierarchically as the unique
solutions of the coupled problem

Find u™" € Vipe,0(w) such that

Ay™m 4 k2 — 0 in w, (OI' _ f ifm=n= O)

un =" g Yo (kr) sin (pad) = O, (1),

p=1
Find U™" € Vige,00({2) such that

AU™™ 4 |2U™m=20 =0 in 2, (with U™" = 0if m < 0)
U (X) = 3 AT T g (kR)PT sin (pad)
p=1 =0
+oco m

= YD By Yy (RR) P sin (paf) = O (1),

p=1/¢=1

together with the matching conditions

At = BIP and AT = bR 1< p<on,

where the coefficients b are defined through the sub-variational expansion of u"™":
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n —+oo
u™"(z) = Z a,"" Ypa (kr) sin (pad) + Z by Jpa (k) sin (pad).
p=1 p=1

Error Estimates.

Theorem 7.4. Let In be the set of indices corresponding to gauge functions of
order lower than N

INz{(m,n)€N2zm+na<N}. (7.14)

The global approximation is defined by

i) = e(5) Do emewnt (@)
(m,n)eln
. (7.15)
Hi-el) X e
(m,n)eln

where ¢ is a smooth cut-off function with p(p) = 0 for p < 1 and p(p) = 1 for
p > 2 and n is smooth and satisfies

limn(e) =0 and lim ne) = +o00. (7.16)
e—0 e—0 €
There exists a constant C' such that
R N e \N
ue — Uyl (2 < C [(Tl(ﬁ)) + (77—5)) } (7.17)

8 Conclusion: A practical two-term expansion

In order to investigate the influence of singular perturbations of the domain on a
local functional . acting over the solution u., it is valuable to use a compound
version of the asymptotic expansion, in between multiscale and matched asymptotic
expansions.

8.1 Compound expansion

Indeed, using (2.9) and the relation (2.11) between the profiles V* and U“, we get

ue = X(£) uo(w) +1(x) e [U*(2) — x(£) As®(£)] + Om (€*),
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which can be written, thanks to the homogeneity of the singular function s
ue = x(£) [uo(z) — Ay (2)s*(2)] + ¥ (z) e*U*(£) + O (€*).

Let us introduce the first “canonical” profile Ug as the solution of the super-
variational Dirichlet problem on (2

8.1

Find Ug € Vioe,00(£2) such that
AU =01in 2 and U —s5* = Op—oo(l).

We have U® = AU and, hence
ue = X(£) [uo(z) — AY(2)s%(2)] + P(2)e* AUS(L) + O (£°%).  (8.2)

In (8.2), only canonical objects are involved: the limit term wy, its first singularity
coefficient A, and the first profile Ug. The contribution near the corner is fully
contained in the profile AU, whereas the “far-field” information is carried out by
up — Aps®, corresponding to the limit term without its first singularity. In a sense,
the strongest singularity of ug is “chopped off” for € > 0 via the cut-off x (%), and
is replaced with the profile AU, which connects the local geometry around O with
the plane sector of opening « at infinity.

8.2 Application: asymptotics of coefficients of singularities

An interesting application of expansion (8.2) is the determination of Stress Intensity
Factors at the tip of a short crack emanating from a sharp of a rounded V-notch, see
[14]. More generally, the question is the determination of the asymptotic behavior
of the coefficients of singularities of u. associated with the corners (or cracks) of
the domain % inside its perturbed region. The functional o, (u.) is then defined as
the value of this coefficient of singularity, corresponding to a corner whose position
depends on €.

Indeed, to each corner point (or crack tip) d of the perturbation pattern {2 corre-
sponds a corner point (or crack tip) d. of the perturbed domain %.. In Figure 5, two
such points are involved, both associated with angle 2.

Fig. 5 Crack tips: Domains w, {2 and %..
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The solution u. of the Laplace-Dirichlet problem (2.3) is singular at point d,
with the following first order approximation

ue(x) = yert sin(ub.) + o (rt), as r. — 0, (8.3)

where (7., 0.) denote the polar coordinates around d.. The exponent i is the singu-
lar exponent corresponding to d. (1 = /1 for a corner of opening ¢, u = 1/2 for
a crack). The functional . is defined as

0 (Ue) = Ve

Our results allow to give an asymptotic expansion of the singular coefficient . as
€ — 0: we still denote by « the singular exponent associated with the limit problem
in w. Using (8.2), we get

ue(z) = e AUG (%) + higher order profiles, if |z| < er.. (8.4)
But the first canonical profile Ug has a singularity at point d, associated with expo-

nent [t
U3(X) = I'R!sin(uOq) + o(RY), as Ry — 0, (8.5)

where (R4, ©4) are the polar coordinates around point d. We have the relation
re. =Ry and 60, = O4. (8.6)
Back to the variable x, relations (8.4) to (8.6) lead to
ue(x) = e FAE sin(pb.) + o(e* Hrt), if |x| < er.. (8.7)

Putting (8.3) and (8.7) together, we obtain the expression of the singular coeffi-
cient 7,
Ve = THAD + o(e*™H). (8.8)

It is worth noticing that a coefficient associated with a stronger singularity than the
limit singularity (@ < o) will go to 0 whereas it will blow up to infinity for weaker
singularities. It has to be linked to the appearance of singularities discussed above.
In the case of Figure 5 we have o = 1/2 and p = 1/2. The coefficient associated
with the v-notch cracks is a O(1).

The above analysis also applies in the framework of elasticity, and is the foun-
dation of the investigation in [14]. We stress that a rigorous derivation of (8.8) with
an optimal estimate for the remainder requires more effort in studying the singular-
regular expansion of wu..

Expansion (8.2) could also be used to investigate the asymptotic behavior of other
local functionals ¢, (u.) relating, for example, to the maximal values of the stress
tensor in elasticity.
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