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Abstract

In this note, we consider an interface problem posed in a bounded domain with thin layer. In the case of a
smooth domain, approximate boundary conditions (also called impedance conditions) are known to approximate
in a precise way the effect of the layer, as its thickness goes to zero. We investigate here the efficiency of such
conditions when the domain has a corner; we show that it deteriorates when the opening of the corner angle
grows, giving optimal estimates thanks to multiscale asymptotic expansions. Numerical results are given, which
illustrate these estimates.

Résumé

On considere un probleme de transmission posé dans un domaine borné recouvert d’une couche mince. Dans le cas
d’un domaine régulier, il est connu qu’on peut remplacer efficacement ’effet de la couche par des conditions aux
limites approchées (aussi appelées conditions d’impédance), quand son épaisseur tend vers zéro. On s’intéresse
ici a lefficacité de telles conditions quand le domaine présente un coin; on montre qu’elle se dégrade lorsque
Pouverture du coin augmente. Grace a une analyse multi-échelle, on obtient des estimations optimales, qui sont
illustrées par des calculs numériques.

Version francgaise abrégée

On consideére un probléme de transmission de type div(aV) dans un domaine bidimensionnel recouvert
d’une couche mince d’épaisseur e, voir figure 1 (le coefficient a vaut 1 dans le domaine intrieur ;¢ et

a dans la couche Q2 ). La difficulté a approcher correctement la solution de ce probléeme d’un point
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de vue numérique a conduit de nombreux auteurs a s’intéressser a l’identification de conditions aux
limites approchée (cf. [5], [1] par exemple). La justification de la convergence du probléeme approché
correspondant vers le probleme de transmission (quand 1’épaisseur ¢ tend vers 0) n’a été faite que dans
le cas ou le domaine est régulier. Nous proposons ici d’examiner le cas d’'un domaine présentant un
coin d’ouverture angulaire w, en utilisant les outils de I’analyse asymptotique multi-échelle. Précisément,
on construit un développement asymptotique en puissances de € pour la solution de chacun des deux
problemes et on en compare les premiers termes.

Dans le cas ol le domaine est régulier, la solution du probleme de transmission admet dans le domaine
intrieur Qiyy le développement e ing ~ > ™ ull,, avec ul’, indépendant de . Quant & celui de la solution
du probléme avec condition aux limites approchées, il s’écrit v, ~ > e™v™. Comme les premiers termes
coincident pour n < 2, on obtient une estimation optimale en €3 de la différence en norme d’énergie entre
Ue int €0 Ve.

Pour un domaine & coin, les développements asymptotiques doivent étre corrigés pour tenir compte
des singularités de coin qui apparaissent a chaque étape de la construction : des puissances non-entieres
de ¢ apparaissent, ainsi que de termes correctifs localisés au coin. Ces derniers consistent en des profils
construits dans le domaine infini @ (cf. figure 1), ils operent en la variable rapide £. La construction
de ces développements utilise fortement la décomposition des termes en parties réguliere et singuliere,
la premieére pouvant étre traitée comme dans le cas d’'un domaine régulier (pour les détails de cette
construction, voir [8] ou [3]). La comparaison des premiers termes permet d’obtenir 'estimation optimale

2w
||u87int — UEHHl(Qim) ~ min(3, w

Ainsi il apparait que si la condition aux limites approchée est aussi performante que dans le cas régulier
pour de faibles ouvertures w, son efficacité se dégrade quand I'angle w augmente.

Enfin, des calculs numériques ont été réalisés a aide de la bibliotheque éléments finis MELINA (voir [7]),
qui illustrent 'optimalité des résultats théoriques énoncés, voir figure 3. Notons qu’'une grande précision
est requise, et que l'usage d’une méthode adaptée a la fois la présence de singularités et a la couche
limite dans le domaine extérieur est nécessaire. La solution adoptée consiste a utiliser une méthode en
p-version, couplée a un raffinement du maillage au voisinage du coin, et des éléments anisotropes dans la
couche (cf. figure 2)

In the following, H*(€2) denotes the standard Sobolev space, endowed with its natural norm || - ||s,q-

€
ext

Figure 1. The bounded domain Q¢ (left) and the infinite domain @ (right), concave and convex cases.
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1. Introduction

Let Qine C R? be a bounded domain with boundary I, infinitely smooth except at the origin O. In the
neighborhood of this point O, we assume that €, coincides with a plane sector of opening w (w # 0, 27).
For any ¢t € T # 0 let n(t) denote the unit outward normal at ¢. For € > 0 small enough, let Q¢ , be the
layer of uniform thickness € around ;¢ given by

O {reR? z=t+sn(t), tcT, sc(0,¢)}, (1)

ext —

outside a neighborhood of O; near the origin O, €2, is also taken as a sector of opening w at a distance €
from I, with vertex O¢ (see figure 1). We denote by Q¢ the whole domain with layer: Qf = Q;,, UTUQE,.
In the following, we will refer to the situation w # 7w as the “corner case”, whereas the “smooth case”
corresponds to w = m. We emphasize that all the results stated for the latter also apply if I' is a smooth
curve near O instead of a straight line.
We consider in the domain ¢ the following interface problem: Find u., defined by e int in Qin and

Ue oxt i Q5 satisfying the equations
aAua,int - fint in Qint;
— 3 g
Atgoxt = 0 in QFf,

U, int — Ug,ext = 0 on T, (2)

aanus,int - anu&,ext =0 on I',

. 15
Ugext = 0 on It

where 9,, denotes the normal derivative (outer for Qiy, inner for 2,). The right-hand side fiyy does not
depend on the parameter € and is assumed sufficiently smooth. The real number « is positive: equations (2)
define a well-posed elliptic problem in H!(Q%,,) (the special case a = 1 is not a genuine interface problem,
but rather a domain perturbation).

From a numerical point of view, this interface problem requires the discretisation of the layer, which
becomes a difficulty for very small thickness €. For this reason, many mathematical works have been carried
out, revealing approximate boundary problems only posed in the interior domain ¢, but involving e-
dependent boundary conditions on I' (see e.g. [5], [1]). For problem (2), the second-order approximate
boundary problem reads

aAve = fing in Qine, (3)

1+ 52@)05 +aedpve =0 onT,

where ¢(x) stands for the curvature of I' at the point . In the previous works, estimates of the convergence
of v, towards wue int are given (for exterior problems), under smoothness assumptions on the boundary
I". The authors make use of a variational method, involving low-order polynomial test functions of the
transversal coordinate in the layer. They prove the estimate ||uc ing — ve||1.05, < C /2.

This result can be improved using the tools of multi-scale asymptotic expansion:
Theorem 1.1 In the “smooth case”, the solutions ue int and ve, defined in problems (2) and (3), admit
the following asymptotic expansions:

N N
n, n N n,n N
U int = g MUy + T ond Ve = E e + p2', 4)
n=0 n=0
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with the (generically optimal) remainder estimates, with a constant C = C' (N, Qint):

Il 1.0m < Ce¥ P fntl v and oY 1,00 < CeV | fintll v, - (5)

The detailed construction of the asymptotic expansion for u in¢ is based on a dilation of the layer in the
normal direction, it can be found in [8] or [3]. For v., the term v™ is simply defined by Av™ = 0 in Qi
with Dirichlet boundary condition on I': v = —ad,v" "1 — @0”72; the process being initialized with
09 € HY(Qing) satisfying aAv® = finy and v! harmonic in Qi such that v* = —ad,v® on T.

A precise look at the first terms shows that ul’, = v™ for n =0, 1,2. A direct consequence is
Corollary 1.2 In the “smooth case”, the solutions ue iny and ve, defined in problems (2) and (3), satisfy

the following (generically optimal) estimate, with a constant C' = C'(Qint):

1,Qing < Cce® ||fiﬂt||279im' (6)

The main goal of this note is to investigate the “corner case”: we show that the approximation (6) no
longer holds. A limitation due to the opening of the corner angle appears.
Theorem 1.3 In the “corner case”, the solutions ue int and ve, defined in problems (2) and (3), satisfy
the following (generically optimal) estimate, with a constant C' = C(Qint):

||'U/a,int - Ua'

1 < C Ploge) ™0 || finell2, 00, (7)

||Us,int - 'Us|

where P is a polynomial of degree at most 3.

Remark 1 Problem (3) involves the curvature c(x): in the “corner case”, it can still be defined as a dis-
continuous function on I' almost everywhere. For polygonal domains, the approximate boundary condition
simply reads v, + aed,v. = 0.

2. Tools for the proof of Theorem 1.3

The expansions (4) are no longer valid when Qi,; presents a corner point. They have to be corrected
to take into account the contribution of the singularities around the corner point. Since the singular
functions are localised near the corner, the correctors involve a cut-off function x, equal to 1 in the
neighbourhood of the origin and 0 away from this point. Non-integer exponents of € also appear in the
asymptotic expansion.

Theorem 2.1 In the “corner case”, the solutions e int and ve, defined in problems (2) and (3), admit
the following asymptotic expansions:

Ue,int = Z eufy, + x(2) Z gt Cu ﬁk(f) + Té\,[inta (8)
p<N+1 HAA<N+1

Ve = Z etolt 4+ x(x) Z et d, 3ME) + pl, (9)
p<N+1 PAEANA1

with the remainder estimates (5). The sum over X is extended to {<-,q € N*} and the indices p cover
the set NU{2Z +p; p>0,h > 2}.

The proof of this result makes use of the splitting of the successive terms into regular and singular part;
the profiles 8" (respectively 3) are constructed in the infinite sectorial domain @ (respectively Qint), see
figure 1. We give a few ideas for the construction of 3* (for the details of the proof, see [8]): for A = 4=,
the profile 3* satisfies

aA3* =0in Qint, 3 +adp3 =000 G and 3* ~ s as | X | — oo, (10)
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Figure 2. Computational domain (example for w < m) and mesh (example for w = =F).

where 5 is the singular function given in polar coordinates around the corner by R*sin(Af); it solves
As* = 0 in Qjn¢ with homogeneous Dirichlet boundary conditions on G. The existence of such a profile
3* follows from an algorithmic determination of the main terms at infinity, and a variational framework
for problem (10) with non-zero date. The behaviour at infinity can be fully described using the Mellin
transform, and compared with the counterpart £ for the transmission problem. Precisely, we have for
the difference of the profiles at infinity:

ﬁ)‘(X) _ 3/\(X) -0 (|X|max(x—3,—f)) as | X| — +oo, (11)
and for the inner terms (arising from a cut-off error)

uly, = v for p < min(3, 22). (12)

int

Altogether, we obtain the estimate in H!'-norm stated in theorem 1.3.

3. Numerical results

In this section, we present numerical computations for the convergence of v. towards u. int as € goes
to zero, which illustrate the optimality of the result stated in theorem 1.3. The domain is a polygon,
with only two edges covered by a thin layer (this allows to concentrate around the common vertex, i.e.
only one corner point); an example is given in figure 2. No singularity will appear around the other two
vertices, thanks to a reflection principle (we impose Neumann boundary conditions on I'y). We choose
the transmission coefficient o equal to 10, and fint(x,y) = 1 if & < —0.5, 0 elsewhere (this data is not
infinitely smooth, but the results still hold). According to Theorem 1.3, the expected convergence rate of
the quantity ||ue int — ve||1,04,, is: min(3, 7).

Since a high accuracy is needed, we used a mesh refinement near the corner point, combined with high
order quadrangular elements (Qs). Moreover, only one layer of anisotropic elements is used in QZ,, (this is
justified by the fact that the corner layer in the exterior domain is polynomial in the transversal variable).

On the left of Figure 2, the error ||uc int — Ve ||1,0.., is graphed against € (log-log axes) for various values
of the angle w. After a pre-asymptotic behaviour, the curves become close to straight lines, whose slopes
are estimated to produce the graph on the right. The latter shows a perfect correspondence between the
theoretical convergence rate (solid line) and the estimated convergence rate (dots).

The computations have been carried out using the finite element library MELINA, see [7].
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Figure 3. On the left, each curve corresponds to a value of w. On the right, the dots represent the estimated convergence
rate of the quantity ||ue int — ve|l1,0,,, and the solid line corresponds to the theoretical estimate of Theorem 1.3.

int

4. Conclusion

The classical approximate boundary conditions loose of their efficiency in presence of corners in the
domain. We have given a precise quantification of this efficiency, depending of the opening angle at
the corner point. Our result shows the deterioration of the approximation for large angles, whereas
we recover the same convergence rate for small angles than for a smooth domain. The use of multi-
scale asymptotic expansions has allowed our obtaining sharp results and can also be applied in more
complicated geometries, and for more elaborate boundary problems (in particular, Neumann external
boundary conditions can be handled the same way).
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