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Abstract

This article aims to present a general study of the Helmholtz problem in slowly
varying waveguides. This work is of particular interest at locally resonant fre-
quencies, where a phenomenon close to the tunnel effect for Schrédinger equa-
tion in quantum mechanics can be observed. In this situation, locally resonant
modes propagate in the waveguide under the form of Airy functions. Using pre-
vious mathematical results on the Schrédinger equation, we prove the existence
of a unique solution to the Helmholtz source problem with outgoing conditions
in such waveguides. We provide an explicit modal approximation of this solu-
tion, as well as a control of the approximation error in Hlloc. The main theorem
is proved in the case of a waveguide with a monotonously varying profile and
then generalized using a matching strategy. We finally validate the modal ap-
proximation by comparing it to numerical solutions based on the finite element
method.
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1. Introduction

In this article, we study the propagation in the time harmonic regime of
waves generated by sources in a slowly varying waveguide of dimension 2. The
waveguide is described by

Q= {(z,9) eR* | 0 <y < h(x)}, (1)

where h € C?(R)NW?2>(R) is a positive profile function defining the top bound-
ary. Here, the bottom boundary is assumed to be flat but a similar analysis can
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be conducted with both slowly varying top and bottom boundaries. In the
time harmonic regime, the wave field u satisfies the Helmholtz equation with
Neumann boundary conditions
A+ k*u=—f inQ, @
d,u="o on 012,

where k£ > 0 is the frequency, f is an interior source term and b is a possible
boundary source term. In this work, a waveguide is said to be slowly vary-
ing when there exists a small parameter 7 > 0 such that [|h[[p~®) < 7 and
||h//HL°°(]R) < n?. Such waveguides are good models of ducts or corroded pipes,
and studying the sound transmission through this type of structure can be used
to reduce noise emission (see [I]) or to perform non destructive monitoring of
pipes or blood vessels (see [2]).

1.1. Scientific context

Wave propagation in varying waveguides, whether acoustic or elastic, has
already been studied by several authors. From a numerical point of view, the
articles [3, [, [5] give different methods to adapt the finite element method to
numerically compute the wave field in varying waveguides. In [6], the authors
study from the theoretical point of view the propagation of waves in a gen-
eral varying elastic waveguide using a modal decomposition. The same kind of
method is used in [7], in the case of a slowly varying waveguide. However, in
these articles, the authors choose to avoid all the locally resonant frequencies of
the waveguide, which are the frequencies k& > 0 such that k£ = wn/h(z*) for a
mode n € N and a longitudinal position 2* € R.

In another approach, the authors of [8 [I, 9] choose to work near locally
resonant frequencies of the waveguide. They mainly show that this problem is
very close to the tunneling effect seen in quantum mechanics for the Schrodinger
equation (see for instance [I0]). Indeed, the wave field can be decomposed as a
sum of modes u(x,y) = ), cn Un(T)@n(y) (see section 2 for more details) and
when k = nw/h(z*), for some z* € R, the equation satisfied by the mode u,, is
close to the Schrodinger equation

Ozztin(z) + (V(z) — E)uy(x) =0, (3)

where V' and E depend on h, fand b and satisfy V(z*) — E' = 0. This equation
for a simple mode was studied from a mathematical point of view by F. W.
J. Olver in [II] and [I2], and it was proved that the solution w, could be
expressed using Airy functions of the first and second kind [I3]. In all the
articles [8 [1, 9], the same methodology is used: firstly, the authors assume that
mode coupling is negligible in a slowly varying waveguide. Under this so-called
adiabatic approximation, every mode is independent from the others. Secondly,
they seek solutions expressed as Wentzel-Kramers—Brillouin (WKB) asymptotic
series (see [I4]), and they use the study of the Schrédinger equation to find an
approximation of the wave field in the waveguide.



Our work is inspired by this methodology and provides a similar approxi-
mation of the wave field in a slowly varying waveguide. However, contrary to
the work mentioned above, we are not making any a priori assumptions on the
wave field such as WKB asymptotic development or the adiabatic decoupling of
modes. Like them, we use the work of [I1] 2] to get an approximation of the
Schrodinger equation, but we improve it by providing precise control of the ap-
proximation error. More importantly, we provide a way to justify the adiabatic
decoupling of the modes using a Born approximation of the wave field. To this
end, we again rely on [I1) I2] to control the wave field by the general source
term that generated it. The main result of our article is given by Theorem [I]
that proves the existence of a unique solution of the problem when h is an
increasing function in C?(R) N W#°(R) and when 7 is small enough (compared
to supp(h’), min(h) and the distance between k and the left and right resonances
of the waveguide). This theorem also provides an approximation of the solution
of and a control of the approximation error.

Finally, we provide a numerical validation of the approximation of the wave
field in a slowly varying waveguide. By comparing our approximation to solu-
tions generated by a finite element method, we show that this approximation
is an excellent tool to numerically compute the wave field in a slowly varying
waveguide in a very fast way.

1.2. Outline of the paper

The paper is organized as follows. In section 2, we briefly explain the modal
decomposition in general waveguides, and we recall classical results used in
the rest of the paper. In section 3, we study the particular case of a slowly
varying waveguide where the width h is an increasing function of x, and we
prove Theorem 1. In section 4, we adapt the method developed in section 3 to
the general case of a varying waveguide provided the variations of the profile
are sufficiently slow, and we describe more precisely the cases of compressed
or dilated waveguides. In section 5, we numerically validate our results by
comparing the approximations derived in sections 3 and 4 with the solutions
generated using a finite element solver with PML (perfectly matched layers, see
[15]) in a truncated waveguide.

1.3. Notations

The varying waveguide is denoted by (Nl, and its boundary 99. The subscript
“top” (resp. “bot”) indicates the upper boundary of the waveguide (resp. lower).
The straight waveguide is defined by Q = Rx (0, 1), and its boundary is denoted
by 09Q. For every r > 0, we set Q, = (—r,r) x (0,1) and ', = (—r,r) x {0} U
(=r,7) x {1}. For both, v denotes the outer normal vector. The spaces H!,
H?, Wit H'Y2 over Q, Q or their boundaries are the usual Sobolev spaces on

~1/2

piece wise smooth domains. The space H / (=r,r) is the closure of D(—r,r),

the space of distributions with support in (—r,7), for the H/?(R) norm (see
[16] for more details).



The operator norm between two Banach spaces Fy and FE is denoted || -
llE, .k, and is defined for every linear operator S : E; — Es by

ISlle e, = sup [[S(2)]|m- (4)

z€E | ||z gy =1

The Airy function of the first kind (resp. second kind) is denoted by A
(resp. B). These functions are linear independent solutions of the Airy equation
y" —zy = 0 (see [13] for more results about Airy functions) and are depicted in

Figure [I}

Figure 1: Representation of the Airy functions A4 and B.

2. Modal decomposition and local wavenumbers in a varying waveg-
uide

In this section, we recall some classical results about modal decompositions,
the proofs of which can be found in [I7] [18].

Definition 1. We define the sequence of functions (&, )nen

< N o) \fl/\/h(x) ifn=0, 5
Y(z,y) € Q, on(z,y):= 2 cos [ 7Y £ 5
oo (i) et

which for any x € R defines an orthonormal basis of L?(0, h(z)). In the special
case of a regular waveguide where h = 1 everywhere, this sequence of functions
is independent of z, takes the form

1 ifn=20,
cos (nmy) ifn>1. (6)

vy € (0, 1), (Pn(y) = { V2

and defines an orthonormal basis of LZ(0,1).



Hence, any solution € H, . (ﬁ) of (2) admits a unique modal decomposition
A(z,y) =Y Un(@)Pu(e,y) where y(z) = / u(x, y)on(z,y)dy.  (7)
neN 0

Note that when h is constant (outside of supp k'), each mode 1, satisfies the
simple equation ! 4 k2%, = —g, where k, is the wavenumber. When A is
variable, the decomposition @ motivates the following definition:

Definition 2. The local wavenumber function of the mode n € N is the complex
function k, : R — C defined by

k2(x) :=k?* —

h(z)?’ ®)
with Re(k,,), Im(ky,) > 0.

One of the main difficulties of this work is that as h(x) is non constant, k, (z)
can vanish for some z € R and change from a positive real number to a purely
imaginary number. We distinguish three different situations.

Definition 3. A mode n € N falls in one of the three following situations:

1. If n > kh(z)/7 for all z € R then k,(z) € (0,+00) for all z € R and the
mode n is called propagative.

2. If n < kh(z)/x for all z € R then k, (x) € i(0,+00) for all z € R and the
mode n is called evanescent.

3. If there exists 2* € R such that n = kh(2*)/m the mode n is called locally
resonant. The associated points z* are called resonant points. They are
simple if h/(z*) # 0, and multiple otherwise.

A frequency k£ > 0 for which there exists at least a locally resonant mode is
called a locally resonant frequency.

Using the wavenumber function, one can adapt the classic Sommerfeld (or
outgoing) condition, defined in [I7] for regular waveguides, to general varying

waveguides 2. This condition will be used later to guarantee uniqueness for the
source problem .

Definition 4. A wavefield 7 € H} ((~2) is said to be outgoing if it satisfies

u, () ’ ikn(x)Up(z)] — 0  VneN, (9)

Jz o400

where u, is given in .



3. The Helmholtz equation in a waveguide with increasing width
In all this work, we make the following assumptions:
Assumption 1. We assume that h € C*(R) N W*°°(R) and satisfies
Ve €R 0 < hmin < () < Amax < 00,

R R
1B Loy <y 1B lu=@) <n?, supph’ C (_77’ Tl) ,
for some n > 0 and R > 0.

Moreover, in all this section, and we assume that h is increasing in supp h’
(the general case will be treated in section . Such a waveguide is represented
in Figure

Figure 2: A waveguide with increasing width.

The aim of this section is to state and prove the main theorem of this work,
which is a triple result. It provides existence and uniqueness of the solution
ueHY, (2) to the source problem

A+ ki=—f inQ,
81/a = Etop on a@topa (ﬁ)
avﬂ = bpot on 8gzbotv
u is outgoing.

It also gives an explicit modal approximation of u, and provides a computable
error bound for the local H'-norm between the approximation and the exact
solution. We first explain our strategy for proving such an existence result.

8.1. Sketch of proof

In order to use results on the modal decomposition in the regular waveguide,
the first step is to map the perturbed waveguide to the regular one using the
canonical mapping ¢ : Q — § defined by ¢ : (z,y) — (2, h(x)y). The problem
(ﬁ) is then equivalent to

Apu+ku=—f inQ,
Oyt — Dpu = byop o1 00y,
Oyt = bpot on I ot,
u is outgoing,



where u:= T o1, f:= f o, byop := bropy/1 + ()2/h and bpoy = bpey/h. The
operators Ay and Dy, are differential operators of order two and one respectively
(see their expressions in ) As there is no easy way to solve explicitly this
equation we shall approach it by a simpler problem. To this end, we neglect
the small terms in the operators Ay and Dy, which depend on A’ and h”. This
leads to a much simpler problem that reads

1
Opa¥ + ﬁayyv +kv=—f inQ,

h(z)
OyV = byop on 0ep, (H)
au'U = bpot on aQbo‘w

v is outgoing.

Next, we seek a solution to (H') in a modal form. To this end, we use the
fact that the wave field v and the source f can be decomposed in a sum of modes
in the straight guide

1
o) = Y oalelenly) where un(w)i= [l y)only)d

neN (10)

0
F@,y) =Y fal@)pnly) where fo(x) = | I(@y)en()dy.

neN

We deduce that the two dimensional problem (H') is equivalent to a sequence
of one dimensional problems for n € N:

{ Uﬁ(x) + kn(x)2vn(5r) =—(fn+ ‘Pn(l)bwp +©n(0)bpot)(z) in R, (/H/ )
v, 1s outgoing, n

where k,, is the local wavenumber function given in . As explained in [18],
the modal problem (H.) is well-defined when {z € R|k,(z) = 0} has zero
measure. Since h is increasing on supp k', this only occurs when k # nm/hmin
or k # n7/hmax. We assume this is the case and that

) > 0. (11)

a5

which is supposed to be positive.

For each type of modes n € N, the study of the equation v,/ + kivn =0 has
been carried out in [II] and [I2]. We summarize the main ideas bellow. The
analysis depends on whether the mode n is propagative, evanescent or locally
resonant.

2.2

2

min

n2m?
2

max

n=m

k2 — k2 —

(a) If n is propagative or evanescent, |k,(z)| > 0 for all z € R and we set

z(z) = [*|kn|. There is has a one-to-one correspondence between z and

z and if we define w, = v/zv,, then w, satisfies the partial differential
equation

0wy + w, = ((x, 2) wy, (12)



where ||¢]|z®) = O(n). The solutions of " = £y are exponential func-
tions, and since ( is small, we can prove that w,, is almost equal to a sum
of two exponential functions and we can control the approximation error

(see and for more details).

(b) If n is locally resonant, since h is increasing on supp h, there is a single
resonant point z* € R and we define

- 2/3
<_§Z/x kn(t)dt> if z < 2,
§(x) =

3 (7 2/3
<2/ kn(t)dt) if &> 2"

(13)

This new variable is in one-to-one correspondence with = and if we denote
Wy, = —(\/kn/§1/4)vn, then w,, satisfies the partial differential equation

Decwyn — Ewn, = ((§) wy, (14)

where [[¢[| L ®) = O(n). The solutions of y”" = zy are known as the Airy
functions, and since ( is small, we can prove that w,, is approximated by
a sum of Airy functions and we can control the approximation error (see

for more details).

Using these results, we prove that () has a unique solution and we provide
an explicit approximation of this solution. By equivalence, this approach yields
the unique solution to (H') and its approximation. With a control of the ap-
proximation error between (H) and (H'), we obtain an explicit approximation

of (H) and by change of variable, of (H).

3.2. Main result

We now state the main result of this work, which shows existence and unique-
ness of the solution u of (and thus of the solution of ) and provides an

approximation of v with control of the approximation error in Hj..

Theorem 1. Let h be an increasing function which defines a varying wavequide
Q that satisfies assumption . Consider sources f € L*(Q), b = (bvot, brop) €
(H1/2(R))2 both with compact support contained in Q, and T, respectively, for
some r > 0. Assume that there is a unique locally resonant mode N € N,
associated with a simple resonant point x* € R.

There exists ng > 0, depending only on Amin, hmax, 0, 7 and R, such that if
n < 1o, then the problem (M) admits a unique solution u € Hy (Q) Moreover,

loc

this solution is approximated by u*P? defined for almost every (z,y) € Q by

u(z,y) =Y A GiPP (2, 5) (fn + @n(Dbiop + 0 (0)ror) (s)ds on (y) , (15)
neN



where fn is defined in (10), @, is defined in @ and GPPP(z, s) is equal to

el ) e
1 ’ ;
N0 <_/ 'k">’ g’ (16)
w(iAJrg)og(s)Aoﬁ(w) ifw<s
Von (k@) | R
W(iA+B)of(x)AO§(S) ifx>s N
i (5)Fon (2) ’

Th function ky, is the wavenumber function defined in definition[d and the func-
tion £ is given in equation . Moreover, there exists a constant C > 0
depending only on huyin, hmax, 0, 7 and R such that

=l ) < nC (120 + 18l 37232 - (a7

Remark 1. If there are no resonant modes, the result can be adapted by delet-
ing the line n = N in . On the other hand, if there are multiple locally
resonant modes, the third line of becomes true for every resonant mode.

Remark 2. If Q is a regular waveguide, we find the same expression for the
wave field as in [I7]. We also see that the behavior of propagative and evanescent
modes in a perturbed waveguide is similar to that in a regular waveguide. The
term f: |ky| simply acts as a change of variable in the phase.

Remark 3. Looking at the proof, we can see that the constant C has a depen-
dence on §, r and R of the form C = O(r267% 4 rR6~®). Doing the same proof
using W spaces instead of H?, we can also prove that for every z € R,

[ (@) = aRP@)] < 0C (Il @) + bl qzy? ) - (18)

where the constant C' has a dependence on 6, r and R of the form C' = O(67¢ +
R6™®)

Corollary 1. Under the same assumptions as Theorem 1, the problem (ﬁ)
admits a unique solution i € Hy, (), which can be approzimated by uP? defined

for almost every (x,y) € Q by

TPP(z,y) = uoPP (:g h%) . (19)

Moreover, there exists a constant C>0 depending only on hyin, Pmax, 0, 7 and
R such that

7= 3,y < 18 (11 e gy + 1Bl gz o) (20)



Proof. We use the equivalence between () and (H), and we notice that
o — ﬁappHHl(ﬁT) < himax|[u — u™P g1, ), Hf”Lz(ﬁ) > huinl| fllL2(),

||b||(H1/2(]R))2 Z hmm”bH (Hl/z(aﬁ))Q'

8.8. Modal Green functions and their approximations

As mentioned in the previous section, we start by studying equations (H/)
for every n € N. To this end, we denote by G, (x, s) the modal Green functions
associated to (H,,). It satisfies for every s € R the partial differential equation
O Grn(x,8) + kn(2)?Gp(z,8) = =0, in R,

. ) (21)
Gy (-, s) is outgoing.

We prove the following theorem which provides an approximation of G,, for
every n € N and the control of the approximation error in Wl’l(R).

Theorem 2. For every s € R, the equation
022G (2,8) + kn(2)?°G(z,8) = =05 inR, (22)
G (-, 8) is outgoing.

has a unique solution G, (-,s) € W"'(R). This solution can be decomposed as
G, = GXPP 4+ O(n) where GpPP has the explicit form given in and O(n) is
a term that tends to 0 in Wl’l(R) uniformly in s as n tends to 0. Moreover,
let r > 0. There exist 1 > 0 depending on R, r, Amin, Amax and 0 such that
if n < m, there exists a,, 8 > 0 depending only on huyin, Amax, 7, 0 and R such
that for every s € R,

Gl )y < oD o= { mn:kD N o

182G )1ty < 2 i { R T A et
()

Gn(e8) = G2 8) 13—y < B i= 1 m(in ;Z VS

102G (-, 8) = BuGrP? (-, 8) | L2 () < B =1 min(gknD Zj: i x (26)

10



Remark 4. The following proof shows that we can choose

1 kg 1
901\[,1’ 90N+1, 4087TCN ’

71 < min ( (27)
where Cy_1 and Cny41 are defined in , cg is defined in Lemma 3| and C'y
comes from Theorem 2 in [I2]. It shows that n has to be small compared to r,
R, hmin and § for this theorem to apply.

Remark 5. By looking at the proof, we can see that «, § and C,, depend on
5,7 and Ras 6%, 7RO %, and RS> respectively.

To prove this theorem, we first need a technical lemma to connect solutions
of the partial differential equation defined for x < s and = > s.

Lemma 1 (Connection of the Green functions). Let s € R. Assume that u is
a solution to u” + k:u = —0, and that there exist A, B € R and wy,wy € C*(R)

such that
Awi(z) ifz <s,

u(z) = { Bwy(x) ifz > s, (28)
then
B wa(s) y w1 (s)
A= T mE —wEnE) L @nE - dEenE )

Proof. Since u is continuous in s, Aw;(s) = Bws(s). Then, using the jump
formula for distributions, we find that

Buy(s) — Awi(s) = =1 = A(wi(s)wp(s) — wa(s)w(s)) = —wa(s)
O

Next, we study the Green function for the three types of waves, depending
on the value of n.

3.4. Proof of Theorem 2

Proof. The propagative case (n < N)]
We denote u, = G,(-,s). Changing variable to ¢ = nz, we see that w, =
u,(0/n) satisfies the equation w!/ + k2 (o /n)w? /n* = 0 for every o # ns where

in the case at hand, k2(o/n) > 0. Using Theorem 4 in [IT] on w,,, shows that
there exist A, B € C such that

k‘j@exp (—z/zkn) (1+e(x)) ifx<s,
s p

up () = (30)
e (z/ kn> (1+e@) ifz>s,
where ¢ € C*(R) is such that for all x € R,
(@) < P =1, | (@)] < 2kn(@)(e"/? = 1), (31)

11



and

do.

1 1
ao'o'
Pl [ NG ( kn<o—/n)>

Using the expression of k,, we see that

L
Fl<nf S
—R772

We deduce that there exist a constant 7y, > 0 depending on Apyin, hmax and R
such that

n27T2(hNh_3(hl)2) 5(h/)2n4ﬂ_4
2h4%3 A5K3

(o/n)do. (32)

N —1)%7? N —1)*nt
|F|§ml<( 53) 1! 55) ):=770N_1.

Using Lemma [T} we find that

__+els) o p_ile(s)
2/kn(s)(1+ R)’ 2y/kn(s)(1+ R)’

where

Im(e'(s)(1 +6(s))'

R = 2Re(e(s)) + [e(s)* + En(s)

It follows that

(1+¢e(x))(1+¢e(s))

G2PP(z, s) if z < s,
Gnles) = (4 )+ ) |
w ez e(s .
G2PP(z, 5) TR itx>s,
and
1
a'an(xa 3) = &JGZPP(% 3)%;)X

. _ 2’ () kn (z)?h(x)?
(1 +e(@) + Qikn(x)gh)(a:)g )ngﬂ'lh/(x)> Heeon(7)

2¢' (z)kp (x)2h(z)3
2iky, (z)3h(x)3 — n27r2h’(a:)> 1(S,+oo)(x):| .

+ (1 +e(x) +

1
Assuming that n < e then |F| < 1/9,

)
N—-1

F|/2 3 1
F/2—1<|7< in ( =nC,, —
¢ =1 Fja =" A" 16 )

and

IR| < 2le(@)] + e + Ié"(ﬂﬂ)lli1 (J;)Ie(a?)l) < 4P/ 1)/ <

N |

12



It follows that

(L+e@)A+e(s)| le"(@)[(1 + [lell oo () / Kon ()

L < 6nCy,
1+R - 1-|R| -
and that 6C
a nT
G-y ) = GG ) i) < Mo
2r
. < .
1G9l = < s
In the same way,
1+e(s) 2¢' (@) ky (2)*h()? 43 Cnttkn()h(2)* o
1+ R || 2ikn(2)3h(2)® — 02720 (2)| = 2 kp(x)3h(z)? = n
and so
. 12C,r
[02Gn (-, 8) = 0 GRPP (5 8) Lt () < "W(Zn)

]{j TL27T2
( nlle=@ + 18C,, min(k,, 213 )

min
and

3r n’m?
81Gn y —7r,r S : kn °° i .
195G s sy < (l I+ 56, mink, )22 )

min

O

The evanescent case (n > N ). We denote u,, = Gy, (-, s). Changing variable to
o = nx, we see that w,, = u, (0 /n) satisfies the equation w!/ +k2 (o /n)w? /n* = 0
for every o # ns. Theorem 3 in [II] on w, yields the existence of A, B € C such
that

lkfj(x)exp </ |kn|) (1+es(x) ife<s,
& .

un (@) = (33)
N (—/ |k:n> (I+e(x) ifz>s,
n|\T s
where 1,5 € C*(R) are such that for i = 1,2 and all 2 € R,
les(@)| <2 =1, Jel(@)| < 2[ka|(x)(e"/? = 1), (34)

where F' satisfies . It follows that there exist a constant 9 > 0 depending
on hAmin, Amax and R such that

N2 (N +1)%n (1 (v + 1)27T2> — . On+1

n
F| < .
17l = min(|ky,|)d? 62 min(|ky,|)

13



Using Lemma [T} we find that

A= 1+e1(s) B 1+es(s)
2vVkn () (1 + R)’ 2v/kn(s)(1 + R)’

where

R=<52+€1+€1€2+ -

eh(l4+e1)  e)(1+e2)
S ) @

It follows that
(1+e2(x))(1 +e1(s))

GaPP(z, s) T+ R ifx<s,
Gp(x,s) =
GPP (., ) (14+¢e1(x))(1 +e2(s)) o> s
1+R

and

0:Gn(z,8) = 0:GPP (2, 5) %
1+e1(s) 2!y () ke () 2R()?
{HR <1 *e2) = pyee 1 an(x)|3h(x)3> L(—o0,5) ()

1+ ea(s) 2" (2) |k (2)2h(z)?
TR (1 ) e + an(x)|3h(x)3> 1<s7+oo>(w)} -

We also notice that

— [ [kl — min(|kn|)|z—s|
e s < ”6 ||L1 —r,r < . .
Li(—rr) (=) mln(“an
. kN 1]
Assuming that n < then |F| < 1/9,
9CN +1

JF/2_ 1 < |F/2 < mi 3 nCny1 1
=S To7F74 =™ T min(lk,)) 16

and
1
IR| < 2(ef/? —1) + (/2 — 1)2 + 2eT/2(eF/2 — 1) < 4(e"/? —1)ef/? < 3
It follows that

(1 +e1(@)(1 +e2(s))
1+ R -
ler(@)|(1 + lleal Lo (r)) + le2(@)[(1 + [le1 ]| Loo ) < nCn
2|kn(2)(1 — |RJ) = min(|k,|)”

1 —

and that
120]\]_;,.17"

1GnCs8) = G s )l iy < Mt

(35)

14



4r

. < (e N2
1Gn (s $) Lt (—rry < min([kn[)2’

In the same way,

1+e1(s) 2e5 () [kn ()2 h(x)?
1+ R ||W(z)n?n2 4 2|k, (2)|3h(x)3
<43 20N y11|kn (@) h(x)? / min(|k,|) < 8Cn+1m
-2 2|k, (z)|3h(z)3 ~ min(|ky|)’
and so
24r (N +1)272
L) — app (. L < g D waTan
Haa:Gn( ,S) a:z:Gn ( vS)HL (=ryr) = nmin(|kn|)2 (HanL (R) G 262h§njn s
(37
and
102G s oy <~ (Pl gy + DY (3
cGnyS Ll(fr,’r‘) = mln(|kn|)2 mn L"C(R) 252h§nin
O

Remark 6. We notice that the control of G, 9,G,, and 0,G, — 0,G3PP is
uniform in n > N, with

|kn+1]

9CN+1°
This uniform control is essential to obtain the global control n < 1; in Theorem
We could also provide a uniform control in inequalities , , and
(38). However, in the following, we add these inequalities and thus we keep
track of the factors 1/ min(|k,|) to ensure fast decrease when n goes to infinity.

(39)

It remains to deal with the case n = N. This case is more complicated, since
& +— kp(x)? is not of constant sign. We first introduce two technical Lemmas
used to give an approximation of the Green function for n = N.

Lemma 2. Let us define
2/3

3 [
—— k if ¢ < x*,
£(z) = ( 2 / N>2 (40)

i
3 A )
-3 kn ifx > a".

This function is a decreasing bijection from R to R. Moreover, the function

¢ x = (€@ VEa(2), (41)

is in C*(R) and for all * € R, there erxists a constant cy such that |¢'(z)| <

colo(@)]-
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Proof. This lemma can be proved by adapting section 4 of [12]. O

Lemma 3. Let us define the following functions:

2
E(z) = exp <3$3/2> Lo + le<o, (42)

E2A2 + E-2B2, N =./E2(A)?2 + E-2(B/)2 (43)
There exist a constant c; =~ 0.4 such that for all x € R,

B(x)N(x)

MopoA@ <o, PPN <o r@N@I<a. @
B' ()M (z)
W <ei, |[A(z)E(x)N(x)| < c;. (45)

There also exist constants co,c3 depending on hpmin, Amax, k and R such that
for every x € R,

‘P&@P“

(=€)t
Proof. Using Airy’s asymptotic expansions presented in section 10.4 of [I3], we
obtain the first constant and the control

M(z) = Opajr <x|11/4)  N@) = O (la]).

N(£(x))| < er. (46)

M(ﬁ(.’[ﬁ))‘ < ¢s, ‘

Since h’ is compactly supported, we conclude the proof by noticing that

O

The locally resonant case (n = N ). We set u, = G, (-, s). Changing variable to
o = nx, we see that w, = u,, (o /n) satisfies the equation w” +k2 (o /n)w? /n* =0
for every o # ms. This equation is very similar to the Airy equation and from
Theorem 2 in [I2], we know that there exist A, B € C such that

A(=£(x)) 4 '
———2  (A+e1)((x if z <s,
“iﬁguA+s+mﬁfg@m» ife>s,

where €1,¢e9 € Cl(R) are such that there exist Cy depending on hmin, Pmax, 0
and R such that for all z € R,

E(&) 1 nCNnA1 _ @ El enCN)\l _
p2leven < e -, [F 1< S -y, e

16



1
‘E(ﬁ)M(ﬁ)

( nCnA1 _ )

() |0 < e -,

’E(ﬁ)N(ﬁ) o)
where A\; > A\ are known constants. Using Lemma [1| and the fact that BA" —
B'A=—1/r, we find that

g —m(=E(s )VAGA(E(s)) + B(E(s)) +ie1(E(s)) +£2(£(s)))
(1 = Rm)\/kn(s)

)
g (=€ () /1 (A((s) +1(E(5)))
(1 — Rr)\/kn(s) ’

R= (Aeg + 1B+ elea — B'ey — Ach, — eher)(£(s)).
It follows that

|—)\1

where

Gn(x,s) = GiPP(x, s)x

(@) 1 i1 (£()) + 22(€(5)) )
{ Y @) ) T-Rr (” TAGEG) 1 BlE(s) ) Lo )
i1 (€(2)) + ea€(@))\ 1 1 (£(5))
T A ) 1 Bew) > IR (1 T AEs) 1“’*“)("”)} ’
and
0, GEPP (, 5) = *7"(*5(5))1/4
o (1 — Rm)\/kn(s)
! !/ k:n<:1;) /
[((A )L + (A9 <x>>
X (tA+ B+ie1 + 52)(6(8))1(_0075)(‘%)
+ ((iA' + B +ich +¢5)(&(z)) (;({:;‘)(;)/4 + (tA+ B+ + 62)(§(x))¢'(:r)>

x (A+ 51)(5(5))1(z,+w)(x)] :

We define ¢4 = (4A2 + 2)¢q. Assuming that n < 1/(4Cncym), we know that
n<1/(CnyA) and (e"cf")‘1 —1)/M <2nCy, so

Rm
1— Rrw

2nCreym

|R| < 2nCnea,

< 4pmC <1
— 1—=2nnCpncqy — NG =

A(E(x))(ie1(€(5)) + e2(&(s)))| <

| (—&(s) /4 (=€)t
| (—€(s) M/ (—€(a) M/t
V kn(s) V kn(x)

ADNanCn M (&(z)) M (E(s)) < 4AanCnes,




(=€) (=€() M/

e1(§(x)) (1A(E(s)) + B(E(s)) +ie1(E(s)) + 2(£(s)))
< (14 2XnCn)4nCn 3.
It follows that
|Gy(z,8) — G2PP(,5)| < AnmCnes|GEPP ()| + (8mc3AanCh + 24mnCe3)
which leads to
|G (z) = GiPP(2)] < dnCnr (ca|GRPP ()] + €5 (222 +6)) -
Using the same idea, we prove that
|GIPP(z,5)| < 23,
and it follows that
G (- 8) = GRPP(, ) |Lt () < ML6rCONTES(cam + A2 + 3),

and

A2+ 3
G- 8) |t —rpy < dream | 2+ 2+ .
(=r,r) 2

Cq T

Using the same technique also prove that
10:Gn(-8) — OxGRFP (-, 8) |l (=) < M8TCNTCa(c3 + cacy)(2¢4 + 3)2),

||6JCG77(7 S)”Ll(fr,r) < 16TW62(63 + CQC¢)'

3.5. Proof of Theorem[]]

As mentioned at the beginning of section 3.1, we map the deformed waveg-
uide (2 to the regular waveguide €2 by a change of variables ¢ : (x,y) —
(z, h(x)y). The problem is equivalent in © to the problem

R = 2(R)?

1
Oyt + k2u + ﬁﬁyyu - 3 YOy u

(W) o, o .

+——y Oyt — —YOyzu = — f in Q,
ht Y ,h? Y (H)
Opu = beop + anu on 0Qep,
Ouu = bpot on I ot
u is outgoing.

If we try and use the modal decomposition on this equation, mode coupling
appears. We can however try to approach the solutions of (#) by the solutions

18



of the following system

1
OpaV + ——=0,, v+ kv =—f inQ,

B v
v = biop on 0ep, (M)
0,V = bpot on 0,0t

v is outgoing,

which is amenable to modal decomposition. To estimate the error of such an
approximation, we need to control the dependence between the source and the
solution of (H'). In Proposition [, we provide a control of the wave field gener-
ated by a source term in the waveguide, and in Proposition [2, we do the same
thing for a source term on its boundary. The proofs of both propositions are
given in the appendix.

Remark 7. (H') was obtained from (H) by formally eliminating the terms

1
likely to cause mode coupling. We cannot however neglect the term Wayyu
x
and approximate
1 1
~ Oz P 4 )
h(x)g h(l’o)2 + n — 0(217 .’I,'())
for a constant zoy € R. Indeed, if z is large enough, x — zy > n and
1 1 1 1
_ = 0(1 — = 0O(1).
T PR TN LT S
Proposition 1. Let 7 > 0 and f € L*(,). The equation
1
Opztt + ﬁayyU‘szU: —f in Q,
Ou=0 on 09, (50)

u is outgoing,

has a unique solution uw € Hy,.(Q). Using notations of Theorem @ ifn <m

then the operator

L*(Q,) — H(Q)

I:
f — u|Q,

., where u is the solution to (50)), (51)

is well defined, continuous and there exists a constant Dy depending on &, huyin,
hmax, R and r such that

lull 2@,y < Dallfllzza.)- (52)
oy ~1/2 2 .
Proposition 2. Let r > 0 and b = (biop, bpor) € (H ' (—r,7))°. The equation
1
Opatt + ﬁayyu +Kku=0 in Q,
Oy = biop on 0op, (53)
Oyu = bpot on 0ot

u 18 outgoing.
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has a unique solution u € H:

10c(Q). Using notations of Theorem @ ifn <m
then the operator

2
~1/2 5
IT: (H (=n, r)) - () ,  where u is the solution to , (54)
b= (btopa bbot) g U|Q,.
is well defined, continuous and there exists a constant Do depending on §, huyin,
hmaz, R and v such that

ey < Dallblprs (55)

r,r))2 ’

Using these two propositions, we are now able to justify the approximation
of (H) by (H') which, as in [19] and [17], is a Born approximation. However,
here we show that this approximation remains valid near resonance frequencies.

Proposition 3 (Born approximation). Let S : H*(Q,) — L*(Q,) and T :

H(Q,) — (I~Jl/2(—r,r))2 and Dy, Dy the constants defined in Propositz'ons
~1/2

and|d Let f € L*(Q,) and b € (H/ (—r,r))%. If

p= D1l|S| g2, 22(0.) + D2 T 1, (56)

(@) (i1 (<ry =
then the equation

u=T(f) +11(b) + T(S(w)) + I(T (u)), (57)
has a unique solution v € H*(Q,.). Moreover, if we define v = T'(f) 4+ I1(b) then

1
flu— 'U”Hz(QT) < <D1||f|lL2(QT) + D2||b||('g1/2(7w))2) ﬂ (58)

Proof. 1f is satisfied then I'oS+1I1o7T is a contraction and u can be expressed
into a Born series (see [19]). We conclude using the results on geometrical
series. O

Coming back to equation , we define the operators

H*(Q,) — L*Q,)

S . h//h _ Q(h/)Q ( /)2 Qh/ ,
u & YOyu — X y28yyu + ﬁyayzu
and 12
HQ(QT) — H (—T‘, 7“)
T 1Y .

u E&cub:l

With these definitions, can be rewritten as . We define

1
2t (3 + iz + h2> +2Da 7 -

hmin

no =min [ 1,7,

20



and we notice that if n < 79 then

n 1 2
1Sz @,).120,) < B2 < Pogin > hmin>’

1
H2(0,), (2 (a2 = L

We choose 1 as in and we define v = I'(f) +(btop, brot). Using Proposition
the problem has a unique solution u € H*(Q,) and

Dy 1 2 #

x (Dl fluaca,) + Dalbll o)

1771l

Using the modal decomposition, we know that
0(09) = 3 ([ G510 6) + ban(o1 D) + D) 0 ) (1),
neN

We now estimate the error between v and u*PP given by , following the
same idea as in the proof of Proposition |1} We denote g, = fn + bropon(l) +
bhot@n(0) and g = >y gnn. Using the Young inequality for integral opera-
tors and the results and notations of Theorem

||”n*U?LPPHL2(—7-,7-) < ﬂr(Ll)”gnHLz(—r,r)v ||,U;Li( app) ||L2( rr) = ﬂ( ||gn||L2 —r,r)”

It follows that
||’U — uapp”%p Q) = Z 2+7L ﬁ2772||gn”L2 —7,r)

1+n )52 2 77252 ,
+Z< win(F )t min(E ) 19 I

n>N

and so

. 1+ (N +1)%72 1
lv—u pprp @) < £%n? max <2 + N%72, s + 52 ||9||i2(9r)'

We conclude by noticing that

|u = u™P|lg1q,) < llu—vlnzq,) + [[v —u*P[lgq,)-

4. Extension to general slowly varying waveguides

4.1. The cut and match strategy

In the previous section, we constructed an approximation for the solution
to the Helmholtz equation in a slowly increasing waveguide. In this section,
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we generalize our result by considering a 2D infinite waveguide = {(z,y) €
R?|0 < y < h(x)} where h € C*(R) is such that A’ is compactly supported and
there exists a parameter 7, assumed to be small compared to R and hpj,, such
that [|B'| Lo =) < 1 and [|h"]| oo ) < 7°.

When we look at the proof of Theorem [} we notice that the condition that h
is increasing is only required to properly define the change of variable z +— &(x)
in Theorem [2] when n = N. In order to generalize Theorem (1, we only need
to generalize Theorem [2| for the case n = N. To this end, we follow a strategy
developed in the context of the Schrodinger equation, see for instance [10]. We
partition Q in J regions (S;);—1.. s, on which &’ has a constant sign, as shown
in Figure [

Sl 52 53

|
|
! 1
! !
| |
| |
Il Il
| |

Figure 3: Representation of the sections in a slowly varying waveguide.

If there exists € R such that k,(z) = 0 in S, we denote this coordinate by
7. Otherwise, as in Section 5 of [I2], # is chosen to be greater than max(S}) if
k2 is positive on S; (resp. smaller than min(S;) if k2 is negative on S;). Then,
if h is increasing in S, we define

. 2/3
3 Tj
(—271/ kn (t)dt if v <2z} and z € 5},
§(z) = g o 2/3 (59)
_ (2 / kn(t)dt> if 2> 2% and z € 5.
T
Otherwise, if h is decreasing in S;, we define
3 o3 2/3
— 5/ Ey (t)dt if v <2} and x € S,
&) = ; " 2/3 (60)
<—2i/ﬁ kn(t)dt> if # > 2} and z € S;.
In both cases, we denote
(=& (@)
() = 61
¢;(x) (D) (61)
Given s € R, we study the problem
022Gn(z,8) + kn(x)an(xa s)=—0s inR, (62)
G, (-, s) is outgoing.
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We denote Sj, the region such that s € §j,, and we assume that jo # 1 and
jo # J even if it means adding an artificial section before or after the coordi-
nate s. Theorem 2 in [I2] shows that has a solution and that there exist
(Aj)j=1,....5,(Bj)j=1,...5 € C such that G,(z, s) is close to

A1¢1(x)w1 (I) ifz e Sl.,
Ay (x)wy(zx) ifxe Sy,
G (z,s) = 0 (x)(A;A(E () + B;B(&;(x)) it x€S), j# Jo,
(z)jo (x)(Ajo'A(fjo (33)) + BjoB(fjo (.23))) ifz e Sjm T <8,
(bjo (w)(thp‘A(fjo(m)) + BJB(€j0 (33‘))) ifze Sjo? T > s,
(63)
where
_ A(&(2)) if B > 0in S,
wi () = { A6 (@) 4 B (@) ifh <0 S (64)
[ 1A (2) + B(&y(x)) if R >0in Sy,
ws (@) { T @) 1 <0 S, (65)

To find the value of the constants A; and B;, we first use the continuity of GEFP
and 0, G2PP on the shared boundaries of each section, which gives 2J — 2 linear
equations. Moreover, using the continuity of G3PP at = s, we find that

Ajo Ao (5)) + Bjo B(E5o(5)) = bropA(&o (8)) + By Bjo B(&jo (8))- (66)

Using the jump formula for distributions, we also have

thPAl(fjo (S)) + BJB/(gjo(‘S)) - Ajo'A/(gjo (8)) - BjOB/(£j0 (S)) = _¢j0 (3) (67)

Altogether, we obtain a linear system of 2J equations for the constants A;, B;,
1 <7 < J. We study its invertibility in the particular case J = 2 in the next
section.

4.2. Exemple of dilations or compressions in waveguides

In this section, we apply the method described previously to the simplest
case, when the sign of b’ changes only once, at x = t. If h is increasing then
decreasing, we say that the waveguide is dilated. On the other hand, if h is
decreasing then increasing, we say that the waveguide is compressed. First, we
study the case of dilations. Up to a change of variable x — —x, we can assume
that s > ¢, as represented in Figure [4]

We know from Section 2 that G, (z,s) is close to

A191(2) A1 () ifz € 51,
GPP(z,s) = ¢2(2)(B1A(&(2)) + B2B(6(2))  ifz €Sy, 2<s,  (68)
Asga(x)A(&2(2)) if ¢ €Sy, > s,
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S1 Sa

Figure 4: Parametrization of a dilated waveguide: ¢ is the unique coordinate
in the interior of supp A’ such that h’(t) = 0, S; (resp. S2) is the section at the
left (resp. right) of ¢, and s is a coordinate satisfying s > t.

where ¢1, ¢o are defined in . The constants A1, As, By, B satisfy the linear
system

Ay 0
M(s,t) g; =V(s) = 8 , (69)
A —¢2(s)
where M (s,t) =
(1 AE))(H)  (92A(&)) (1) (¢2B(E2)) (¢ 0
~@AG) (1) (A1) (6:BE&) (1) 0 o)
- 62(8)() —B(&a(s '

We next study when M is invertible.
Proposition 4. The determinant D of M(s,t) defined in 18

D= %(—¢1(t)A(fl(t))(¢zA(€z))’(t) +(61A(6)) (D) da2(D)A(&2(1))) . (T1)

Proof. We expand of the determinant along the first column and use the fact

that BA' — B'A=—1/r. O

Remark 8. Using the asymptotics of A provided in [8,[13], the condition D = 0

asymptotically reduces to
z}
cos / kn(z)dz | = 0. (72)

1

Under this condition, it is not possible to find the values of (A1, By, Ba, As).
This may be explained by the potential presence of trapped modes in the dilated
waveguide under this condition.

Except for special values of k& such that D = 0, we can find constants
(A, By, B2, A3) by computing either symbolically or numerically the solution
of M(s,t)X =V (s).
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We also study the case of compressions. Again, we assume that s > t, and

we know that G, (z, s) is close to

A191(2) (1A (7)) + B(&i (7)) ifz €Sy,
G2PP(z, s)

@2 (z)(B1rA(&2(x)) + BaB(&2(x))) ifx € Sy <s,
Asta(z) (A& (7)) + B(&a())) ifz € Sy, x> s.

The constants Ay, Ay, By, By satisfy the linear system

A 0
o | | =ve=| o |
A $2(s)

where we define F = iA+ B and M(s,t) =

(01 F(&))(t)  (D2A(£2))(E)  ($2B(&2))(1) 0
(617 (€)' () ($2A(£2))' (1) ($2B(82))'(2) 0
0 —A(&(s))  —Bl&(s)  F(&(s))
0 —(A(&)) () —(B(&))'(s) (F(&2))'(s)

Proposition 5. The matrice M(s,t) defined in is invertible.

Proof. Its determinant D is

= (- (DA + B) (€0 (0) (62(iAE) + B(E2)) (1)
F (@A) + B(E)) (oa(0)iA+ B)(E()).

(73)

(74)

The asymptotic expansions provided in [I3] [8] show that there exists 5; > 0

such that

t)(1A&L(1)) + B(&(t)

9 [t
exp (3 /* |kn(m)dm> if |t — 7| >n~
1

+B) (i (t —27)) if [t — 27| <0~

a+~

and since h/(

(G1(iA(E1) + B(£1))'(1)

Q

{MJL (/| ) if |t — 23 > 5

VBIGA + B)(Bi(t — x7)) if [t — 2} <0~
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This case distinction covers every relative positions of ¢, 27 and z} since ?7_1/ Z>
77_1/3. We can do the same in Ss, and find 5 > 0 such that

¢2(t) (PA(E2 (1)) + B(&2(1) =

1 2 [T
———exp| = kn|(z)dx if |t — a5 > n~/3,
NN p<3/t e ) Ry
1

E(M+B)(ﬂ2($§ —1)) if |t — z3] <12,

(92(iA(&) + B(&2))' (1) ~

I 2 / . 1/

S L — = Enl(z)d £t — b > ,
NG kn(t)exp 3, |kn|(z)dx if [t — 23| >n

—/Ba(i A + B (Ba(z5 — 1)) if |t — a3 < n~ /2

If [t — 25| > n~Y/3 and |t — z%| > n~'/3 then

D~ exp <§ / * |kn|<x>dx> exp @ / 2kn|<x>dx> 40,

1

The remaining three relative positions of ¢, 7 and z3 can be analyzed in the
same way. It follows that V(¢,s) € R, D # 0. O

Contrarily to the case of dilations, the matrix M is always invertible, and
we can compute again the values of (A4, By, B2, A3). Figure and show
examples of such computation.

5. Numerical illustrations

In this section, we illustrate our results. We compare the asymptotic ex-
pression of u to data generated using the software Matlab to solve numerically
the equation satisfied by the wave field in €. In the following, we assume
that A’ is supported between x = —7 and @ = 7. To generate the solution @ of
on Q7, we use the finite element method and a perfectly matched layer (see
[15]) placed on the left side of the waveguide between = —15 and z = —8, and
on the right side between x = 8 and = = 15. The coeflicient of absorption for
the perfectly matched layer is defined by o = —k((z — 8)1,>5 — (v + 8)1,<_s)
and k? is replaced in the Helmholtz equation by k? + ic. The structured mesh
is built with a stepsize of 1072,

5.1. Computation of the modal Green function

To test the validity of the expression of the Green function, we consider
a profile with « = 0.1, 8 = 0.04/30 and

h(a:) =a+p |:(—1 + a\j/;_ 4) 1[,474] (3;‘) + 1(47+Oo)($> — 1(7007,4)(,@) , (76)
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with & = 31.5. There is only one locally resonant mode N = 1 associated
to the resonant point z* &~ —2.72. We place an internal source f(z,y) =
d(x)pn(y/h(z)) with n € N where d is a Gaussian approximation of J; at s € R

with ) -
d(z) exp () : (77)

- 2no 202

and o = 0.005. We measure the wave field u at y = 0, and we compare it to the
expression . In Figure [5| (resp [6), we illustrate the case where n = 0 < N
(resp. n =2 > N). In Figures[7] [§| and [9] we illustrate the case where n = N
for different values of s. The approximation seems to be accurate, and the small
discrepancies observed for instance in the imaginary part of Figure [§]are caused
by the imprecise approximation of the Dirac function d; by d. However, even in
this particular case, the relative L? error is still very small.

Z00m

s

T

_9 | | | | | | | |
—2 —18 —16 —1-1 —12 -1 —08 —06 —04 —02 06 08 1 1.2 1.4 1.6 1.8 2

1072
2 T

——Re(u(z,0))
—— Re(G3™)

-

o

——TIm(u(z,0))
—— Im(G2PP)

—
T

_9 | | | | | | | | | | |
-2 —18 —16 —11 —12 —1 -08 —-06 —-04 —-02 0 02 04 06 038 1 1.2 1.4 1.6 1.8 2

Figure 5: Representation of @(z,0) (in blue) and G2PP(z) (in red) for a prop-
agative mode n = 0 and s = 0 in an expanding waveguide, in the zoomed area
(—2,2). Top: representation of h, 2* and s. Middle: comparison between real
parts of u(x,0) and G2PP(x). Bottom: comparison between imaginary parts of
i(z,0) and G2PP(z). Here, the relative L error between @(z,0) and G*PP(z) is
0.93%.

We also consider a more general waveguide. As in section 3.2, we choose
the simplest case of dilation and compression, and we compare u(x,0) to G&PP
defined in and . First, we choose to work with a dilated waveguide,
described by its width

h(z) = 0.1 + 0.0025 sin (%(x + 5)) 155 (), (78)
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Figure 6: Representation of u(x,0) (in blue) and G2PP(x) (in red) for an evanes-
cent mode n = 2 and s = 0 in an expanding waveguide. Top: representation
of h, * and s. Middle: comparison between real parts of @(z,0) and GEPP(x).
Bottom: comparison between imaginary parts of u(z,0) and G2PP(z). Here, the
relative L? error between %(x,0) and GZPP(z) is 3.68%.

at frequency k = 31. The only locally resonant mode is still N = 1, associated
to two resonant points 27 ~ —3.19 and 25 = —x}]. We choose the same internal
source f as before, and we illustrate the case n = N in Figure Figure
illustrates the case of a compressed waveguide, with profile

0.0025
4

h(z) = 0.1 — 0.0005(x + 5)1[_5 o) () + (x —4)1(04(2), (79)
at frequency k = 32.1 with a resonant mode N = 1 and resonant points x} ~
—0.74 and 25 ~ 0.59.

5.2. General source terms

We now validate the approximation provided in for general sources, in
the same expanding waveguide defined by its width in . We choose two
different types of sources : a vertical internal source (see Figure , and a
boundary source (see Figure . To compute the approximation in , we
choose to reduce the sum to 15 modes. Every time, we compute the relative
error made between u and its approximation u*P?P defined by .

5.3. Dependence of the error of approximation with respect to 7

Finally, we evaluate in this section the influence of the parameter n in the

approximation error | — ﬂappHHl @) First, we chose large values of n to
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Figure 7: Representation of @(z,0) (in blue) and G2PP(x) (in red) for a locally
resonant mode n = 1 and s = —4 in an expanding waveguide. Top: represen-
tation of h, z* and s. Middle: comparison between real parts of @(xz,0) and
G2PP(x). Bottom: comparison between imaginary parts of u(x,0) and G2PP(x).
Here, the relative L? error between u(z,0) and G2PP(z) is 5.32%.

illustrate the control provided in Theorem We work at k = 5.23, with an
increasing waveguide parametrized by

h((ﬂ) =05+ 0'277x1—5<;c<—5+1/77 + 0-21z2—5+1/m (80)

and a boundary source bpot = lycz<s5. We present in Figure the error of
approximation with respect to 7. We can see that the error grows a little bit
slower than the 1 slope expected. We also notice than for small values of 7, the
error seems to reach a level where it is almost constant. This is the error due
to the finite element method.

6. Conclusion

In this paper, we have presented a complete proof of the existence of a
unique solution to the Helmholtz equation in slowly variable waveguides. We
also provide a suitable approximation of this solution and a control of the error
of approximation in Hj, (€2). We validate this approximation numerically, and
show that this expression is an excellent way to compute quickly the wave field
in a slowly varying waveguide.

We believe that this work could be extended to elastic waveguides in two
dimensions, using the modal decomposition in Lamb modes as in [§]. One could
also try to generalize the ideas of this article to acoustic waveguides in three
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Figure 8: Representation of @(z,0) (in blue) and G2PP(x) (in red) for a locally
resonant mode n = 1 and s = —1.5 in an expanding waveguide. Top: repre-
sentation of h, £* and s. Middle: comparison between real parts of u(x,0) and
G2PP(x). Bottom: comparison between imaginary parts of u(x,0) and G2PP(x).
Here, the relative L? error between u(z,0) and G2PP(z) is 7.24%.

dimensions. We think it would be possible to recover some Laplacian eigenvalues
of local sections, and from that to recover some information on the waveguide
shape.

Finally, we plan to use this work to develop a new multi-frequency method
to recover the width of a waveguide given measurements of the wave field at
the surface or on a section of the waveguide. Indeed, for a locally resonant
frequency, the wave field in a perturbed waveguide is very different from the
one in a regular waveguide, even if the width h is close to a constant function.
This should provide a very high sensibility inversion method to reconstruct the
width of the waveguide, and will be done in a future work.

Appendix A. Proofs of Proposition [1] and

Source f. This proof is an adaptation of the proof presented in Appendix B of
[17]. Using the results on the modal decomposition presented in Appendix A of
[17], we know that the equation is equivalent to

u + kn(2)*up, = —f, inR,
un is outgoing,

Vn € N {
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Figure 9: Representation of @(z,0) (in blue) and GZPP(x) (in red) for a locally
resonant mode n = 1 and s = 5 in an expanding waveguide. Top: representation
of h, z* and s. Middle: comparison between real parts of @(z,0) and G2PP(z).
Bottom: comparison between imaginary parts of u(z,0) and G2PP(z). Here, the
relative L error between %(x,0) and GZPP(z) is 6.08%.

where u,, f,, € L,.(R) and

Y) = un@en(y), fle,y) = fal@)

neN neN

Using Theorem [2] there exist a unique Green function G, (z,s) associated to
this equation, and

Vn e N up(z) = /RGn(gc, $)fn(s)ds

We also notice that for every (z, s) € R? G, (z,s) = G, (s, x), and using controls
from Theorem [2] for every s € R and z € R,

Vn €N ||Gn(a S)HLI(—T,T)? ||Gn(l', ')”Ll(—r,r) < agtl)'
Using Young’s inequality for integral operators,
Vn €N ||un||L2(—r,r) < asLl)”anLz(—r,r)'

Using Parseval equality and the results of Theorem

lull?s(q,) < ZannHLz( L o T

n>N
1
< o® max ||f||L2(Q )
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Figure 10: Representation of u(x,0) (in blue) and GiPP(z) (in red) for n =1
and s = 0.5 in a dilated waveguide. Top: representation of h, z7, x5 and
s. Middle: comparison between real parts of u(x,0) and G2PP(z). Bottom:
comparison between imaginary parts of @(z,0) and GiPP(x) Here, the relative
L2 error between @(z,0) and G2PP(x) is 10.09%.

Applying Young’s inequality to u/,, we get

IVullfz (o, <042Z (L +027%) | fall22 ()

Y S (R TV
2 (el * mingns ) Mol

We deduce that
1 (N +1)%n?
IIVuIIiz(QT) < o max (1 + N?72 52 + i ||f||12J2(QT)-

Finally,
||uZ||L2(—r,r) < |kn|2||un||L2(—r,r) + ||fn||L2(—r,r)

It follows that

N
HVQu”iz(Q Z kQ + 1 +2n%m? + n47r4) an”%@(—r,r)
2
|2 ) 2n27r2 n47.r4 )
+ +1) +— + — I FrllZ2i_ s
rgl:\/ << ([knl)? min(|k,|)2  min(|k,|)* nllL2(—rr)
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Figure 11: Representation of u(x,0) (in blue) and GiPP(z) (in red) for n =1
and s = 0.5 in a compressed waveguide. Top: representation of h, x7, x5 and
s. Middle: comparison between real parts of w(x,0) and G2PP(z). Bottom:
comparison between imaginary parts of @(z,0) and G2PP(x). Here, the relative
L? error between (z,0) and G2PP(z) is 4.39%.
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Figure 12: Representation of the wave field u generated by a source f(z,y) =
d(x)y where d is defined in with s = 0. Up, the absolute value |u|, down,
the error of approximation |u—u®PP|. Here, the relative L? error between % and
u*PP i 6.22%.
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Figure 13: Representation of the wave field u generated by a source byoy =
1_1<z<1. Up, the absolute value |u|, down, the error of approximation |z —u*?|.
Here, the relative L? error between @ and PP is 7.73%.

and so

”V2“”iz(9,) < a® max [ ((k% + 1) +2N?72 + N'rt)

k12 > 2N+41)222 (N +1)4nt
+<<|N+1| +1>+< Pr D e

52 52 54
g

Source b. Using the same arguments as before, the equation is equivalent

to
ull + k2w, = —brop@n (1) — bhorpn(0)  in R,

Vn eN { . .
Uy 1s outgoing,

and we know that
Vn e N up(x) = / Gn(z, 5)(boppn (1) + bhotn (0))ds.
R

We notice that |, (1)], |¢n(0)| < V2. Using Theorem 2.3.2.9 in [20], there exist
a constant d(r) and p > 0 such that

1
lulluz(q,) < d(r) (H—Bmu — ﬁayyu + pu o + ||b||(ﬁ1/2(_m))2> )

and it follows that

2
lullzqo,y < dlr) (0 + llullaca, + 18l ge, L)
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Figure 14:  Representation of ||[u — u?PP|| for different values of 7 to

H'(Q7)
illustrate the result of Theorem [1l

Finally,
1
2 < 207||b||% N+1 _
Il 0y < 20000 rn _, oy (N 14D Sy )
which concludes the proof. O
References

[1] R.B. Nielsen, N. Peake, Tunnelling effects for acoustic waves in slowly vary-
ing axisymmetric flow ducts, Journal of Sound and Vibration 380 (2016)
180-191.

[2] F. Honarvar, F. Salehi, V. Safavi, A. Mokhtari, A. N. Sinclair, Ultrasonic
monitoring of erosion/corrosion thinning rates in industrial piping systems,

Ultrasonics 53 (7) (2013) 1251-1258.

[3] Y. Y. Lu, A fourth-order magnus scheme for helmholtz equation, Journal
of Computational and Applied Mathematics 173 (2) (2005) 247-258.

[4] A. T. Fabro, N. S. Ferguson, B. R. Mace, Wave propagation in slowly
varying waveguides using a finite element approach, Journal of Sound and
Vibration 442 (2019) 308-329.

[5] D. A. Mitsoudis, C. Makridakis, M. Plexousakis, Helmholtz equation with
artificial boundary conditions in a two-dimensional waveguide, STAM Jour-
nal on Mathematical Analysis 44 (6) (2012) 4320-4344.

[6] V. Pagneux, A. Maurel, Lamb wave propagation in elastic waveguides
with variable thickness, Proceedings of the Royal Society A: Mathemat-
ical, Physical and Engineering Sciences 462 (2068) (2006) 1315-1339.

35



[7]

[11]

[12]

A. Folguera, J. G. Harris, Coupled raleigh surface waves in slowly varying
elastic waveguide, Proceedings of the Royal Society of London. Series A:
Mathematical, Physical and Engineering Sciences 455 (1983) (1999) 917—
931.

M. V. Perel, J. D. Kaplunov, G. A. Rogerson, An asymptotic theory for in-
ternal reflection in weakly inhomogeneous elastic waveguides, Wave Motion
41 (2) (2005) 95-108.

V. B. Galanenko, On coupled modes theory of two-dimensional wave mo-
tion in elastic waveguides with slowly varying parameters in curvilinear
orthogonal coordinates, The Journal of the Acoustical Society of America
103 (4) (1998) 1752-1762.

S. Roy, A. K. Ghatak, I. C. Goyal, R. L. Gallawa, Modified airy func-
tion method for the analysis of tunneling problems in optical waveguides
and quantum-well structures, IEEE Journal of Quantum Electronics 29 (2)
(1993) 340-345.

F. W. J. Olver, Error bounds for the liouville-green (or wkb) approxima-
tion, Mathematical Proceedings of the Cambridge Philosophical Society
57 (4) (1961) 790-810.

F. W. J. Olver, Error bounds for first approximations in turning-point
problems, Journal of the Society for Industrial and Applied Mathematics
11 (3) (1963) 748-772.

M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions: With
Formulas, Graphs, and Mathematical Tables, Applied mathematics series,
Dover Publications, 1965.

F. W. J. Olver, Asymptotics and Special Functions, Academic Press, 1974.

J. P. Berenger, A perfectly matched layer for the absorption of electromag-
netic waves, Journal of Computational Physics 114 (2) (1994) 185-200.

W. McLean, Strongly Elliptic Systems and Boundary Integral Equations,
Cambridge University Press, 2000.

E. Bonnetier, A. Niclas, L. Seppecher, G. Vial, Small defects reconstruc-
tion in waveguide from multifrequency one-side scattering data, Inverse
Problems and Imaging 16 (2) (2022) 417 — 450.

L. Bourgeois, E. Lunéville, The linear sampling method in a waveguide: A
modal formulation, Inverse Problems 24 (1) (2008).

D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering The-
ory, Applied Mathematical Sciences, Springer Berlin Heidelberg, 1997.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, Society for Indus-
trial and Applied Mathematics, 2011.

36



	Introduction
	Scientific context
	Outline of the paper
	Notations

	Modal decomposition and local wavenumbers in a varying waveguide
	The Helmholtz equation in a waveguide with increasing width
	Sketch of proof
	Main result
	Modal Green functions and their approximations
	Proof of Theorem 2
	Proof of Theorem 1

	Extension to general slowly varying waveguides 
	The cut and match strategy
	Exemple of dilations or compressions in waveguides

	Numerical illustrations
	Computation of the modal Green function
	General source terms
	Dependence of the error of approximation with respect to 

	Conclusion
	Proofs of Proposition 1 and 2

