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RESUME.L'objectif de ce travail est de prendre en compte l'influededa présence de défauts
géométriques sur le comportement a rupture des structures,esans description fine de la
géométrie particuliére des perturbations. L'approchepmeée s'appuie sur deux outils : une
analyse asymptotique des équations de Navier et I'utibsale modeéles a discontinuité forte.

ABSTRACT. This work aims at taking into account the influence of geacatdefects on the

behavior till complete failure of structures. This is acheéd without any fine description of
the exact geometry of the perturbations. The proposedesiyais based on two approaches :

asymptotic analysis of Navier equations and strong disnaity approach.
MOTS-CLES analyse asymptotique, perturbation singuliére, disaarité forte, rupture.
KEYWORDSMulti-scale asymptotic analysis, singular perturbatiettong discontinuity, failure.
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1. Introduction

The evaluation of the limit load and behavior till ruptureao$tructure is highly
correlated to the presence of small defects or heterogeseitnaterial defects, geo-
metrical defects or loading perturbations.

In this work we look more precisely at the prediction of theture of complex
structures suffering from (surfacic) "small" perturbatso(inclusions or porosities).
We are concerned with the choice of the most suitable FingeEnt strategy to cap-
ture the structural behavior. The main feature of our wortoipropose an approach
dealing with both singular perturbations and localizationes development, by using
a coarse description of the geometry : neither the pertimbahape nor a fine re-
presentation of the cohesive crack are considered. Oursatmdesign a numerical
strategy dealing with a coarse discretization of the unpked domain and able to
perform the analysis of the structural response from th&tielphase to complete fai-
lure. To that purpose, we consider two macroscopic modeledied to each of the
two phases of the behavior :

— the asymptotic analysis is used to evaluate the influentegfresence of micro-
defects on the solution (Dambrie¢al., 2005; Bonnaillie-Noéét al, 2009),

— the strong discontinuity approach allows taking into acttpat the structural
scale, the development of localization zones or cohesiaeksr (Brancheriet al,
20009).

In the first section, we give the keypoints of the asymptatialgsis and the nu-
merical strategy used for the evaluation of stress conaotr due to the presence
of geometrical defects. We present, in the second sectiergpproach developed to
couple the asymptotic analysis to the strong discontimai¢hod in order to perform
the computation of the behavior of the structure till conpfailure. Finally, the third
section is dedicated to some numerical results obtainesiderng structures presen-
ting several singular perturbations.

2. Description of the influence of singular perturbations : multi-scale
asymptotic analysis

We evaluate the influence of geometrical perturbations bylti+scale asymptotic
analysis of Navier equations of linear elasticity.

We consider here a domafi pierced with a perturbation of sizecentered on
the regular poin0 (see Figure 1). In the following, we denote(@g the unperturbed
domain andH,, the unbounded domain obtained by a blow-up around the foint
bringing the perturbation at scale H.,, = shi% Q. /e.



Effect of micro-defects on structure failure 3

0 e H.
.O O JM
(a) (b) (©

Figure 1. Unperturbed domaif, (a), perturbed domaifil. (b) and unbounded do-
mainH, (c)

The problem we focus on is written on the perturbed domain as :

—puAu, — (A + p) grad divu, = f on Q.
u, = u? on Iy [1]
o-n=gonl};

wherel'; andI'; denote the Dirichlet and Neumann boundary of the domaire@sp
tively, I'; includes the boundary of the perturbation anid supposed to be zero in a
neighborhood of the perturbation.

We can note that two scales are naturally involved in Proljilgm the scale of
the structure and the scale of the perturbatiot has been proven in (Dambrine
et al, 2005) that the solution of problem [1] is approximated atfwrder by the
superposition of the solution obtained on the unperturtmedain), and a correction
written in terms of the fast variabte/c. We have then :

u(x) ~ug(x) — ¢ {olel (;) + asVq (;)] , [2]

with uy the solution on the unperturbed domaim, = o11(u0)(0) and oy =
o12(u)(0). The profilesV; etV are obtained as solution of an homogeneous Navier
equation stated on the unbounded dontdip with Neumann boundary conditions on
the boundary of the normalized perturbatiefV,) -n = G, (with G; = (n;,0) and

G2 = (0,n;), n; denotes the first component of the outer norma@h,.) :

{ —uAV, — (A4 p) grad divV, = 0in H, -

O'(Vg) -n=Gyon 8HOO,

When dealing with several perturbations, the evaluatidh@$olution at first order
requires to take into account the potential interactiorwben perturbations. It has
been proven in (Bonnaillie-Noé&it al,, 2009) that if the distance between the centers
of two neighbor perturbations is written a8 with 0 < « < 2, the perturbations can
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be considered as far and no interaction needs to be takeadotnt at first order.
The solution is then approximated by :

nb defects
u. (x) ~ ug(x) — Z i {aiVi (;) + Vi (;)} . [4]

: i i
i=1

3. Failure description

The description of the failure of a structure presentingngeivical perturbations
is decomposed into two phases :

—in a first step, the stress concentration due to the prese#noécro-defects is
evaluated with the help of asymtptotic analysis

—in a second step, we describe the localization zones ankscdgveloping from
the stress concentration zones through a strong discatytmodel.

Numerically, the two previous steps are performed considex coarse description of
the geometry : only a discretization of the unperturbed donseconsidered.

For structures presenting several defects, depending eto#iding and on the
geometry, it can be necessary to deal simultaneously witlngiotic analysis in some
parts of the structure still in the elastic regime and witimdge developmentin some
other parts where cracks yet initiated. To that purposegdicde=d tool incorporating
both aspects previously described is to be developed.

3.1. Kinematic enrichment for the asymptotic analysis

Taking into account the asymptotic fields in a numerical tol be achieved by
the use of the partition of unity method (Meleekal., 1996) leading to the evaluation
of the influence of perturbations while using a coarse diszaon of the unperturbed
domain. The standard variational Finite Element space iigteed by the approxi-
mation 'V, of the profilesV,. The approximation¥, are computed on a truncated
domainH; = H,, N B(0, R) whereR is chosen as large as possible. We bring the
vanishing condition at infinity on the artificial bounda¥ir \ 0H .

As the profiles decay at infinity, their influence is very logatl thus, only a neigh-
borhood of the perturbations needs to be enriched. Theadigpient field, as sugges-
ted by [4], is then given by :

nb defects 2

w0 = ub0-> 5 30 3 760 fagea i (X)) + b (X)) 18

i=1  (=1jeT; ¢

where 7; denotes the indices of the nodes located in the enrichmem Eated to
perturbationi. N7 are the standard shape functions associated toﬁade}a;“C isa
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two-component vector consisting of the degrees of freedsated to the enrichment
functionVy , .

The computation is performed on the discrete unperturbethila The presence
of the perturbations and their geometry are taken into atcttwough a dedicated
numerical integration based on the exact geometry.

Concerning the numerical computation of thé, ,, as observed in the context
of XFEM (Chahineet al,, 2007), if all those enriched degrees of freedom are kept
free in the enrichement areas, the problem to be solved iy lsadditioned. In or-
der to circumvent this difficulty, we impose the followinguadities suggested by the
asymptotic analysis :

(@), = (fra); and (), = (a)a),. °

Those equalities are ensured by appealing to a master/siisategy leading to the
resolution of an augmented problem :

K?lll 0 0 Up fo
Kow Koo M| o = |faf, [7]
0 II 0 A 0

whereK?,, is the standard stiffness matrix computed on the unpertudagnain,
IT denotes the projection operator over the equality comsg§6], K2, , and K¢,
denote respectively the part of the total stiffness assedito the added degrees of
freedom and the coupled part. The veckas the Lagrange multiplier associated with
the constraints [6] and finallyy andf, denote the external loading.

The two matrice¥K?,,, andK¢,,, are computed by using a dedicated integration
strategy :

— a partitioning, typically obtained by meshing, of the edats affected by the
perturbation is carried out in order to compute all the giti@stinvolving the profiles,

—in the vicinity of the perturbation, the order of integaatiis also increased in
order to capture the evolution of profiles.

3.2. Field transfer : coupling of asymptotic analysis and strong discontinuity
approach

The stress concentrations generated by the presence af-deéects in hand, one
can continue the computation by using the strong dicortiirapproach (SDA) (see
(Simoet al, 1993; Oliver, 1995; Brancherigt al,, 2009)) in order to track the deve-
lopement of high damage zones initiated on the geometraradigbations.

For that purpose, it is necessary to project the field obtbirem the asymptotic
analysis to the variational space used for strong discuritit approach. Indeed the
kinematic enrichments of the variational spaces assattatthe asymptotic analysis
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and the strong discontinuity approach are not compatilile. Strategy proposed he-
rein is to design a field transfer ensuring the transfer ofdisplacement field from
one variational space to the other one. Let's denitg 4 the variational space asso-
ciated to the SDA, the displacement field used as initialeédu the continuation of
the computation is obtained as the solution of a minimisgbimblem given as :

min J(u)=Eu—-u’) uc. u=ulonTy [8]
u€Vspa

where&(v) = %/ o(v) : e(v)dS). The proposed strategy is then based on the

construction of a d%placement field¥yp 4 producing a strain energy being as close
as possible to the strain energy produced by the solutioairedd on the perturbed
domainu’. The solution of such a minimisation problem under constiigiobtained
as the solution of a linear set of equations.

This projected displacement field is then used to compute the corresponding
stress introduced as an initial value for the continuatifthe computation with strong
discontinuity approach.

4. Numerical results

We present here the results obtained considering a dombimittad to a tensile
load (Figure 2(a)). The domain is pierced by two perturbegiothe first one is cente-
red at pointO; = (105, 0) and is of radiu2 mm and the second of raditiss mm is
centered at poinD, = (135,0).

In order to validate the enrichment strategy adopted fod#eeription of the in-
fluence of small defects, we compare the results obtaineerinst of displacement
and stress fields for, a so called, reference computatigiedasut on a fine discreti-
zation of thereal geometry (Figure 2(b)) by standard Finite Element approact an
enriched computation performed on a coarse discretizéigure 2(c)) of the unper-
turbed domain.

Figure 3 gives the obtained results in terms of the displacdrfield in the di-
rection of the traction for both discretization and intdgtions. The relative error
between those two computations is lower tlie26% allowing to conclude that the
proposed strategy gives satisfactory results regardimgtie provided by the asymp-
totic analysis.

Figure 4 gives the stress fiefd., obtained form the standard reference computa-
tion and the enriched one. Figure 4(c) illustrates the ikedarror computed in terms
of strain energy. For the considered case, the relative eregrated over the whole
domain is less than.01%, it is very concentrated at the very small vicinity of the
perturbations on the boundary of the domain where the sta@rgy is about zero
(leading to high relative error). Those results confirm thatrelatively close pertur-
bations, the profiles computed from the asymptotic anagtdisst order are sufficient
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(a) Problem definition : geometry, loading and material
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Figure 2. Problem definition : geometry, loading, material propestend discretiza-
tions

to obtain a good approximation of the solution, no intemawibetween the inclusions
need to be taken into account.

From the displacement obtained through the enriched caatipuot the field trans-
fer presented in section 3.2 is performed as soon as the rahgirmcipal stress
reaches the limit value chosen for the initiation of cradkgure 5(a) represents the
stress field obtained from the rebuilt displacement aftandfer. This field is the one
introduced as initial value for the continuation of the cartgtion with strong discon-
tinuity approach. We can observe that the stress conciemtrdie to the presence of
the perturbations are well reproduced, crack initiatide$gplace at the right location.
Figure 5(b) gives the orientation and opening of the intaedudiscontinuities at the

end of the loading process.

We can see that the crack leading to complete failure of theadio initiated on
the bigger perturbation centered on pdint Indeed, the development of this crack is
accompanied with elastic unloading of the rest of the domegwenting the develop-
ment of a second crack.
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(a) Reference computation on the fine discreti-
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Figure 3. Displacement field.,, obtained by standard and enriched computation, re-
lative error map

5. Conclusion

We have presented a strategy allowing to take into accoenhftuence of micro-
defects on the behavior till rupture of structures. The keinpof the proposed ap-
proach is that this description is achieved without any fieecdiption of the exact
geometry of the domain but rather with a coarse descriptfdhe unperturbed do-
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(a) Reference computation

stresses o, (enriched computation)

(b) Computation with kinematic enrichment

log, ; of energy relative error

(c) Relative error (strain energy)

Figure 4. Stress fieldr,, obtained by standard and enriched computation, relative
strain energy error map

main, the perturbations being incorporated in the comjartahrough a kinematic
enrichment of standard Finite Element method.

This enrichment is provided by a multi-scale asymptotidysis of Navier equa-
tions for linear elasticity. The description of the init@t and developement of loca-
lisation zones leading to the apparition of cracks is ersiethe use of a strong
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o, (maximum principal stress)

(a) Reconstructed principal maximum stress
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(b) Discontinuities orientation and crack opening (mm)

Figure 5. Difference between the reconstructed displacement figdd tbinsfer and
the field obtained on the unperturbed domain, reconstructagimal principal stress

discontinuity approach. A field transfer operator has besigthed in order to couple
those two approaches during all the loading process.
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