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Abstract The aim of this paper is to present an asymptotic expansion of the
influence of a small inclusion of different stiffness in an elastic media. The applica-
tive interest of this study is to provide tools to take into account this influence
from the deformation without inclusion thanks to additive terms that can be pre-
calculated and which depend only on the shape of the inclusion. We treat two
problems: an anti-plane linearized elasticity problem and a plane strain one. On
every expansion order we provide corrective terms modeling the influence of the
inclusion using techniques of scaling and multi-scale asymptotic expansions. The
built expansion is validated by comparing it to a test case obtained by solving the
Poisson transmission problem in the case of a circular shape of the inclusion us-
ing variable separation method. Proofs of existence and uniqueness on unbounded
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the linear elasticity one.
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1 Introduction

The interface problems investigated in this paper originate from a mechanical
model for small inclusions coated with elastic bodies. Such arrangements are widely
used for instance in tire’s design in order to provide the desired structure stiff-
nesses. In this work, we consider a pair of two-dimensional approximations of the
transmission problem between an elastic matrix and an elastic small inclusion of
different stiffnesses. The inclusions can be very small relative to the characteristic
size of the body and hence difficult to take them into account numerically with a
good accuracy. For instance, finite element computation can quickly become pro-
hibitive for at least two reasons: a very fine mesh is required if the inclusion is small
and the deformation induced by the inclusion can be of non regular. On the other
side, homogenization techniques as in [30] can be very effective but restricted to a
periodic or a quasi-periodic distribution of inclusions and thus to a relatively high
density of inclusions. In order to enhance the classical homogenization methods,
second-order homogenization approach is developed which links the Cauchy mi-
crostructure medium to an equivalent macroscopic homogeneous nonlocal medium
[4,5]. The objective is then to determine this influence by asymptotic analysis us-
ing techniques issued from [7,15,23,24,35,39]. The presented additive terms with
respect to the deformation that does not account for inclusion can be used, for
example, to be integrated in a numerical approximation after being pre-computed.

Some works have treated the case of perturbations whether for inclusions, for
transmission problems essentially for conductivity [35] and Helmholtz equation [7,
24] or even for perforated domains and cavities. The case of perforated domains has
been studied in [15,16,25,28,33] using techniques relying on the notion of profile,
a normalized solution of the Laplace equation in the exterior domain obtained
by blow-up of the perturbation. In fact, the influence of a boundary perforation
of a smooth domain is studied in [15] and an asymptotic expansion of the shape
function in terms of a size parameter is derived. The case of inclusions was treated
for the first time by [20] giving a method to find the stresses set up in an elastic
solid when the inclusion undergoes a change of form (for an ellipsoidal region
whose elastic constants differ from those of the remaining material). The most
important result is that the field inside the inclusion can be determined without
having to find the field outside it. The resulting elastic field is found with the help
of a sequence of imaginary cutting, straining and welding operators and using
a biharmonic potential. The determination of the field outside the inclusion was
briefly treated in this paper but studied deeply in [21] where the elastic field outside
an ellipsoidal inclusion is expressed entirely in terms of the harmonic potential of
a solid ellipsoid by replacing the biharmonic potential introduced in [20] by the
harmonic potential of a certain surface distribution. Note that Eshelby’s inclusion
solution is one of the most significant contributions to micro-mechanics in the
twentieth century and is based on the assumption that an inclusion is embedded
in an unbounded ambient space. Schiavone also tackled in [36] the case of an elliptic
inhomogeneity embedded within an infinite isotropic elastic medium subjected to
antiplane shear deformations under the assumption of non uniform loading matrix
then extended the study with Antipov in [3] to the case of an inhomogeneity with
the same assumptions but of an arbitrary shape and with an imperfect interface
this time. A method is presented leading to the solution of the problem concerned
with identifying the shape of the inhomogeneity and the form of the corresponding
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interface function which leads to an uniform stress field inside it. The analysis
is based on complex variable methods. Li, Sauer and Wang deepened in [29] the
precise characterization of the elastic fields due to inclusions in finite elastic media.
It is important to say that, before the work done in [29], Kroner [26,27] and Mazilu
[31] tried to study the inclusion problem in a finite domain by searching a Green’s
function of Navier’s equation in a finite domain. The attempt ended in failure
because of the mathematical difficulty involved in obtaining a closed-form solution
of Green’s function in a finite domain.

On another side, Ammari and Kang described in [1] techniques for the recon-
struction of small inclusions using only boundary measurements. These techniques
rely on asymptotic expansions of the boundary perturbations due to the presence of
the inclusions. The approach used to derive the asymptotic expansions is based on
layer potential techniques allowing to deal with rough boundaries. By the mean of
Muskhelishvili’s complex variable method and the Schwartz-Christoffel conformal
mapping technique and motivated by the high stresses that occur at the junction
between the fibers and the matrix in multi-fiber composite sheets which can cause
failure, [13] presented a solution for determining the stresses in an infinite elas-
tic plate containing a rigid rectangular inclusion subject to a uniform stress field.
Using also the complex variable function method, the case of an arbitrary shape
inclusion embedded in a half space is studied in [38]. Solutions are obtained by
the mean of techniques of analytic extension, analytic continuation and conformal
mapping. In [8] an asymptotic expansion of the difference between the displace-
ment at the boundary with and without inclusion is presented (both the body and
the inclusions are allowed to be anisotropic). To derive the asymptotic expansion,
the authors follow the approach introduced by Capdeboscq and Vogelius in [11]
(see also [12]) for the conductivity problem. Note that the formula obtained gen-
eralizes those already available in the case of homogeneous isotropic bodies with
thin inhomogeneities of small diameters.

Last but not the least, it is to be noted the general and beautiful work of
Bigoni and his collaborators in this field [14,37]. They analyzed the conditions of
the existence of singularity or its annealing for complex geometric heterogeneities
(inclusion or void) in an infinite elastic solid under non-uniform remote anti-plane
loading.

The outline of this paper is as follows: Two transmission problems of inter-
est, a Poisson problem and a linear elasticity one, are formulated in Section 2.
Asymptotic analyses for these two problems are presented in Sections 3 and 4,
respectively. For each problem, existence, uniqueness and error estimates are es-
tablished. Since we are led to deal with functions defined on infinite domains we
reconsidered proof of existence and uniqueness using the generalized Hardy’s in-
equalities and adequate weighted Sobolev spaces. Finally, some conclusions and
perspectives are presented in Section 5.

2 Formulation of the two transmission problems

Before describing the approach we will develop, let us first present the two consid-
ered transmission problems: a scalar antiplane approximation and a linear plane
strain approximation. Let us first define the domain of interest. Let Q]Ec c R? be
a bounded connected domain of characteristic length ¢ representing the inclusion
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(also called fiber) and being small enough compared to the characteristic size of
the matrix represented by 25, ¢ R? of radius R with smooth exterior boundary
I'. The asymptotic expansion being considered with respect to the parameter ¢,
we denote aQ} the domain such that Qjc = EQ} and we will consider QJEc as a
parameterized set of domains. The interface I'* = BQJi is also considered to be
smooth. Fig. 1 makes explicit the geometrical setting.

(2 ‘

Fig. 1 Initial domain 2 = 2% U I'* U (27, with 2% = z—:Q}, Note that I" = 912 does not have
to be necessarily circular.

The antiplane problem reduces the mechanical problem to a Poisson one and
is characterized by a displacement reduced to the normal component to the plane
(O, 1, x2) under the form ug = u(z1,x2). Transmission conditions consisting of the
continuity conditions are set on the interface I'* and a non-homogeneous Dirichlet
condition is set on the fixed boundary I'. The strong formulation of the antiplane
transmission problem reads:

afAuf =0 in 05, (1a)
amAug, =0 in 25, (1b)

uy = Uy, on I', (1c)

afOnuf = amOnuy, on I'%, (1d)
Uy =F on I, (Le)

where a; and am are the shear moduli of the material in the inclusion and in
the matrix, u5 is the solution of the problem in the inclusion area 27, uz, is the
solution of the problem in the matrix area (2,, I’ is a prescribed displacement
on I' and On denotes the normal derivative (outer for 2%, inner for (25,). For

FeH:> (I'), the existence and uniqueness of the solution of Problem (1) in a weak
form are guaranteed by Lax-Milgram theorem.

The second transmission problem treated is a plane strain linear elasticity prob-
lem with two different fourth-order stiffness tensors E; and E, in the inclusion
and in the matrix, respectively. The constitutive law relating the stress tensor oy,
to the strain tensor € is given by o, = Ey, : €, for k € {f,m}. Transmission condi-
tions consisting on the continuity conditions are still set on the interface I'* and a
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non-homogeneous Dirichlet one on the fixed boundary I'. The strong formulation
of the linear elasticity problem reads:

dives(uf) =0 in 0F, (2a)

divom(uy,) =0 in 25, (2b)

uf =uy on I'°, (2¢)

op(uf) -ny=—om(Unp) nm on I, (2d)
us, =F onI. (2e)

where u} : 27 — R? is the solution of the problem in the inclusion domain 023,
us, : 125, — R2 is the solution of the problem in the matrix domain 25, and F
is a prescribed displacement. The vectors ny and n.,, denote the outgoing unit
normals to 2% and §2;,, respectively. The existence and uniqueness of the solution
of a weak form of Problem (2) are also guaranteed by Lax-Milgram theorem for a
given F' in H%(F; R?).

3 Asymptotic expansion for the antiplane problem

In this section, we will build an asymptotic expansion for the solution to the an-
tiplane problem (1). Several techniques are available to do so, mainly divided into
matched asymptotic expansions and superposition methods. The first point of view
consists of constructing two expansions for the problem, one being valid only far
away from the inclusion, and the other accounting for the behavior near the inclu-
sion. In an intermediate region, the two expansions are connected through matching
conditions. This method has been popularized by Van-Dyke [18] (a more precise
mathematical description can be found in [25]). On the other hand, superposition
techniques aim at building a single expansion, which is valid in the whole domain
(close to and far from the inclusion). The contribution of the different terms are
usually taken into account via cut-off functions, which apply the adequate local-
ization for each of them (when the geometry is simple enough, it is possible to
avoid cut-off functions, as it will be the case here).

Obviously, it is possible to pass from one type of expansion to the other since
they describe the same asymptotic behavior. Nevertheless, this is not always com-
pletely trivial since the functional frameworks do not fit. A detailed comparison is
performed in the simple case of a rounded corner for the two-dimensional Laplace
equation in [17]. Pros and cons are discussed for each approach. Basically, the
computations of the terms are generally simpler for the matched asymptotic ex-
pansions (since no cut-off function is involved), but the variational framework of
the superposition technique allows to easily obtain error bounds.

We have chosen to use the superposition technique for our study, since in this
situation no cut-off function will be needed. Let us mention that this type of
techniques have been widely used for similar problems, see the monograph [32]
and the references therein, an example of usage for homogenization problems can
be found in [6,34].
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(K]
e,k
the solution to the antiplane problem (1) having the following form for k € {f, m}:

Precisely, we will build an asymptotic expansion u. ;' of a given order K for

K
e () + 3 Vi), (3)

(K] — 5,00
ug . (@) = ' (@) + . — €

K
1=2
where u(©) is the solution to Problem (1) when ¢ = 0 (i.e. without any inclusion),
the functions v* are defined on £ and the functions V(¥ on the whole R2.

Remark 1 An important aspect for the applications is that the functions v and
V@ solutions to some problems which will be detailed further on, do not depend
on ¢ and depend linearly on u(® only by the expansion of its gradient at x = 0. For
a given shape of the inclusion, this make it possible to pre-compute once for all a
basis for each v and V). This pre-computation can be done either analytically
in the circular case (see Section 3.5.2), by an integral formulation using a Green
kernel (as for instance in [9]) or by a numerical approximation with a boundary
element method or a Galerkin method.

The rest of this section is subdivided into the following sub-sections: The
asymptotic expansion construction is detailed in Section 3.1. Then, existence and
uniqueness of the V(¥ is stated in Section 3.2 and their behavior at infinity is
specified in Section 3.3. This allows, in Section 3.4, to deduce an optimal error es-
timate for asymptotic expansion 3. Finally in Section 3.5 an explicit computation
is performed using the separation of variable method in the case of a circular body
and a circular inclusion. In addition to giving the explicit form of the expansion in
this case, it allows us to compare the solution to its expansion and conclude that
it is in accordance with the theoretical results.

3.1 Building the asymptotic expansion

We build the asymptotic expansion step by step. We need first to introduce the
difference dg ,, = uj, — u(® for k € {f,m} which is solution to:

afAdg p(x) =0 in 0F, (4a

amAdy.m(x) =0 in 25, (4b

0.f(x) = do,m(x) on I,

O‘fandf),f(m) = amOndy m(x) + (am — ozf)@nu(o)(a:) on I'¢,
do.m(x) =0 on I (4e

Note the emergence of the term (am, — af)anu@) in the transmission equation
(4d).

The original problem is posed on domains depending on €. In order to work
with a fixed domain and a fixed interface, we introduce as in [39,15] the scaling
y=2 Let 2"° = Q?’E” Then, for k € {f,m}, D§ . (y) = d j() is the solution to
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the following scaled problem:

ayADG ;(y) =0 in 2f, (5a)

amAD§ m(y) =0 in Q™ (5b)

D§ () = Dgm(y) on I', (5¢)

afOnD§ () = amOn DG m(y) + e(am — ap)dnu'® (ey) on I', (5d)
D§.m(y) =0 on g (5e)

Now, as ¢ is considered to be small compared to the size of the domain and to
eliminate completely the dependence on e, we approximate Problem (5) by the
following problem posed on the dilated domain 2°° = lim._¢ 2""¢ as shown in
Fig. 2:

ayAD§ ;(y) =0 in 2f, (6a)

amADj ., (y) =0 in 2°°, (6b)

D§ (y) = Dim(y) on I'', (6¢)

afﬁnDaf(y) = amBnDam(y) +e(am — af)(?nu(o) (ey) on Fl, (6d)
D§,m(y) = 0 when |y| — co. (6e)

Fl

QOO

Fig. 2 Dilated geometry.
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This allows us now to introduce the problem on the dilated geometry whose
solutions will be the functions V() of the expansion (3):

ap AV (y) =0 in 02}, (7a)

amAVP) (y) =0 in 2%, (7b)

VP (y) = Vi (y) on I, (7c)

a9V (y) = amdn Vil () + 0 (y) on I', (7d)
)

V) (y) » 0 when |y| — oo. (7e

The functions VP are introduced to offset terms appearing on the boundary of
I'* where the data go(p) (y) will be adapted for each order p. In fact, the smaller
these terms, the smaller the residual and the expansion is driven to a higher
order. The existence and uniqueness of the functions V) will be established later
in Section 3.2. From the regularity assumptions on the domain, we can write a
Taylor expansion of Vu'® (sy) for y € I'':

vul® (ey) = ZE w(z) )+ Oo(E . (8)

3.1.1 First-order approzimation

The first-order approximation is constructed by compensating the first term in the
expansion of (am — af)anu(o)(ay). With V(® solving Problem (7) for o9 (y) =
(am — af)w(()o)(y) -m, where w(()o) (y) = vu(® (0), we update the residual:

dip(@) = ui(@) —u (@) -V (2), ke {fm). (9)
The update of the difference allows us to obtain the first-order approximation:

Wl (@) = u®(2) + svk<0>(§), ke {f,m}. (10)

)

Then, for k € {f,m}, di  is solution to:

ayAdi j(z) =0 in 27, (11a)

amAd§ m(z) =0 in 27,,(11b)

1.7(x) =dim(z) on I, (1lc)

afOndi f(®) = amOndi m(x) + (am — ch)(anu(o)(:n) (0) (y)) on I, (11d)
di () = —svr(n‘”(g) on I. (lle)

3.1.2 Second-order approximation

We have built a first-order approximation of the solution with v(®) and V(©) in-
dependent of €. The next step is to build the second-order approximation. At this
stage, we must do the same thing we did for the term that appeared on the inter-
face I'® with the term that appears this time on I'. In other words, we have two
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terms to compensate: (am — af)(anu(o) - w(()o)) which has already been compen-

sated in the first-order and that has yet to be, and the new term fsVélO)(%) on I
In fact, by analyzing things a little deeper, we can see that the term on I'® is of
order ¢ then it is in O(c2) according to the H™2 norm (see (31)). The term on I’
is of order 2 (expansion of V at infinity see Section 3.3) and there is no scaling
here so it is in O(e?) according to the H? norm. By doing so we got the optimal
error estimate in the previous first order approximation. So, to continue having
this optimality the two terms have to be compensated in the same time from now
on.

The functions introduced by Problem (7) are used to correct the term on I'®
and we will introduce equivalent functions to play the same role but in this case
on the boundary I'. To this aim, we consider the following problem:

amAgv'?(z) =0 in 2, (12a)
0D () =D (z) on I (12b)

First, let us expand V,SLO) at infinity as follows:

K

K (i) (%)
ay’ (0 1 can’ (6
Vi (y) =% ( )+O<|y|K+1> =) 0 ( )+0(5K+1), xel, (13)
i=1

2y 2l

where 6 is the angular polar coordinate. This expansion at infinity is justified in

Section 3.3. Now, with V() solution of Problem (7) for ¢! (y) = (amfaf)wél)(y)-
)

n = (am— ch)wél)(y) and v® solution of Problem (12) for ? (x) = —%‘T(f) we

write the second-order term:
Sr(@) = di (@) - 0P (@) -2V (E) ke (fm). (14)

The update of the difference allows us to obtain the second-order approximation:

s

@) =u @) + 0D + 2P @) +2VI(E), keffm) (15)
Then, for k € {f,m}, d5 j, solves the following problem:

apAds p(x) =0 in 25, (16a)
amAdgm(x) =0 in 25, (16b)
d5 f(x) = d3m(x) on I, (16¢)

ayOnds §(@) = (am — ay) (@nu® (ey) - wi” () - swi” (v)

+amOnds m (@) + % (am — af)(@nv® (ey)) on I, (16d)

1)
a 0
d3.m(x) = (e °|m(| ) —Véf”(%))—a2 ,$})(§) onI.  (16e)
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3.1.8 Third-order approximation

We expand as done before Vo) (ey) as follows:

K
vo? (ey) = Zsiwg) (y) + O(eK"H). (17)
i=0
We also expand V) (see Section 3.3):

K ()
a [7] 1
EOEDY 1‘y|( ) 4o <|y|K+1>

=1

K (),
= Zelalw( ) +O0(KH, zel
=1

With V) solution of Problem (7) for ¢® (y) = (aum —af)(wéz) (y) —|—w§0)(y)) ‘n =
(am — af)(wéQ) (y) + wéo) (y)) and v solution of Problem (12) for ) (x) =

_af®  aiP(®)

] s we deduce the third-order residual:

T
Sa@) = dsp(@) - Lo (@) - LVP(E) ke {fm). (18)

The update of the difference allows us to obtain the third-order approximation:
“EL(E) =@ (m)—i—er(O)(%)—i-sQVk(l)(§)+62v(2)(w)+53v(3)(w)+63vk(2)(g), (19)

where k € {f,m}.
Then, for k € {f,m}, dj j solves the following problem:

ayAds (@) =0 in Q5,  (20a)
amAd; ,(x) =0 in 2;,, (20b)
d3, f(x) = d3m(x) on I,  (20c)

fOnd;3 §(x) = amOnd3 m(z)

tHom — ap) (@nu® (ey) — wy” () — ewi” (v) — < ()

&2 (am — ay) (0@ (ey) - w3” (9))
+&*(am — ap)(@nv® (ey)) on I, (20d)

(2) (1)
" /204 (9) L) (9) 0T
d37m(:13) - 6(6 |(l!|2 € |£IZ| Vi (8 ))
(1)
+€2(6(11|T(f) - Vrsll)(g)) - 53V,§L2)(§) on I'. (20e)

3.1.4 Fourth-order approximation

In order to conclude about the general form of functions ¢(™ involved in problems
solved by V(™ and functions 1™ involved in problems solved by v(™) we push the
expansion to the fourth order. We expand as done before Vv(g)(sy) as follows:

K
vo®) (ey) = Zsiwy) (y) + O(eK"H). (21)
i=0
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and V) as follows (see Section 3.3):

K (7,) K al)
Vi) =) =2 ” |(f)+0<|y|11<+1):25 2 (9)+0( Kt zer

i=1 = =l
With V® solution of Problem (7) for ¢ () = (am —ap) (S () + w§V (v) +
wéo) (v) n=(am- ozf)(w(()g) (y) —I—wél) (y) +w§0)(y)) and v*) solution of Problem
& (2) @)
(12) for ¥ (z) = —a2‘m(|9) - allil(f) - allfml(‘f) we deduce the fourth-order residual:
T
di (@) = d5 (@) — oW (@) — VT (D) ke {fm). (22)

The update of the difference allows us to obtain the fourth-order approximation:

ulh(@) = u® (@) + V(D) + VN (D) + D (@)

+e V(Q)( )-i—e 308 () 4 ¢ 0(4)(a:) +e V(S)( ), ke{f,m}. (23)
Then, for k € {f,m}, di,k solves the following problem:
afAd; f(x) =0 in 0F, (24a)
amAdi m(x) =0 in 2;,,(24b)
dy ¢(x) = dim(x) on I'*,(24c)

orpOnds f(2) = CmOndi m ()
Ham — ap) (0nul (ey) — wi” (y) - ew (y) - 2w — € <3>< ))
+e?(am — ap) (00 (ey) — Wi (y) — cwi ()
+e3<am—af><anv<3>( >—w”< ) +¢* (am—afxanv J(ey)) on I°,(24d)

O e
T \(2) A0 (@)

(1)
+€3(6a1|7(|m - vﬁ(g)) - 54(vr<,f’>(§)) on I'. (24e)

3.1.5 The K-th order approximation

From the previous section we are able to deduce the general forms of cp(n) and
(™ so we can update our residual to the order n > 2 as follows:

dr (@) = dy (@) — "oV (@) —"VITN(E), ke {fm), (25)

where V(=1 solves Problem (7) for "~V (y) = (am — ag) > pta=n—1 wép)(y) ‘n
p>0,9#1
(p)
ag” ()

EI

and v(™ solves Problem (12) for (™) (z) = — Zp«#qznfl
p >0

We are now able to build an approximation u (m) to the order K > 2:

K
() = u® (a) +ng (i m>+;av,§i—”<§>, ke{f.m}.  (26)

1=2
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Remark 2 According to the power of & this is not the expansion to the order K in
the true sense. Indeed, it is the expansion to the order K + 1 truncated of a term.
To clearly see this, let us take the example where K is equal to 1. By analyzing
the expression of u?] (x), we notice that initially the expansion has a term in &2
(sV(O)(%)). However, an 2 order term will appear at the second order (¢2v(?)).
So, in order to obtain all the terms in e¥, we have to push the expansion at the
order K and truncate the term e VX,

Now, replacing u[EK] (z) in Problem (1) we obtain the following problem:

apAu(@) =0 in 05, (27a)
amAu (@) =0 in 025, (27b)
[ (2)] =0 on I*, (27¢)
[adnu) (@)] = ge(y) on I, (27d)
uNz) =he(z)+ F on I, (27¢)
where
K ) ) K ) )
9= (y) = (am—a)0nu @ (cy)+Y_ &' (am — af)dnv (cy)+Y_ e adn VD ()5
1=2 1=1

4 (28)
Using the expressions of ¢~ (y) we obtain the expression of the jump [adp V1) W, =

(p) .
(ay —am) ZTE%:,;;; w” (y) - m:

K
9= (y) = (am — a)onu® (ey) + 3 & (am — ay)dnv ™ (cy)
7=2
K B
+3 e g —am) S wiP(y)-n] + O =K f(y). (29)
1=1 ptg=i—1
p>0,9#1

The last step is to evaluate the H ™2 (I'*)-norm of ¥ f(y) on I'*:

Ny oy = [ [ 1) = sl ar<ar
:/ / K42 (1) — flyo)|Artdrt = ce25+2. (30)
rrJri

Finally, we obtain:

xr
lge (@)l 3 ey = I F M -4 ey = O, (31)

By applying exactly the same approach we get:

e (@)l e (ry = O ). (32)
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Consequently, dj; , = uj, — ugg (z), k € {f,m} satisfy:

afAdy f(x) =0 in 02F, (33a)

am Ade () =0 in 025, (33D)

dc, f(®) = dc m(x) on I'%, (33c)

aOndic () = amOndic m () + oH,%(FE)(gK“) on I, (33d)
dic m () = OH%(F) (%Y on I (33e)

3.2 Existence and uniqueness in unbounded domains for the Poisson problem

A weak formulation of Problem (7) writes:

or [
9]

where V = {v € Wé’g; fFR v = O} with 0 < Rgp < R an arbitrary real number
’ 0

VVf(p) -Vwdz + am/ VP Vwde = / pwdo, Yw eV, (34)

I“l

oo

1
f

and Wé_’g is introduced in the appendix. In fact, the space Wé,’g contains constant

functions and the Poincaré-type inequality is established on Wé)’g / PP, the quotient

space of the adequate weighted Sobolev space with constant functions. We can see

that the bilinear form a(z, w) = oy [, Vz-Vwdz +am [, Vz-Vwde is coercive
f

on V. In addition, the bilinear form a(-,-) and the linear one I(w) = [, pwdo are

continuous on V. Then, the existence and uniqueness of the functions V® in V
are guaranteed by the Lax-Milgram theorem.

3.3 Expansion of the functions Vﬂ(f) ) at infinity
Recall that the functions Vn(f ) solve Problem (7). Let B(O, R) be the ball of center

O and radius R > 0 such that Q} C B(O, R). Then, the trace of V,SLP) on the curve
OB(0, R) N 2°° is smooth and can be written as the sum of its Fourier series:

VAP (R.0) = of” + 3 alP cos(nb) + B sin(né). (35)
n>1

Using Poisson’s Kernel, we then get that:

VP (r,0) = a(()p) + Z Ij—n (ai}” cos(nf) + AP sin(n&)). (36)

n>1

The behavior of the function VT,(QP ) at infinity prescribes aép )= 0.
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3.4 Error estimate for the antiplane problem

In this section we establish an error estimate for the studied problem by increasing
the H'-norm by powers of & (characteristic length of the inclusion). First, we begin
by considering the following problem for a given g € H™ 2 (r°)and he H B (I):

afAgzp(x) =0 in 0F, (37a)

amAzzm(x) =0 in 25, (37b)

zf(x) = zm(x) on I, (37¢)

afOnzf(x) = amOnzm(x) + g(x) on I'%, (37d)
zm(x) = h(z) on I (37e)

By passing to a weak form we obtain the following equivalent problem: Find z €
H'(2) with z = h on I such that

/ Vz‘dem—l—/ Vz-dew—l—/ gwdo =0, VwGH(%(.Q). (38)
€ = FE

Lemma 1 There exists a unique solution z of the weak form (38) of Problem (37)

satisfying

2l <€ (10l oy + 91,5 o))

where C > 0 is a constant independent of €.

Proof The surjectivity of the trace operator guarantees the existence of a continu-
ous lifting operator H € H'(2) of h € H? (I') (see e.g. [19,22]): Thenz =2 —H €
H{§(82) solves the following variational equation:

/ Vz-Vw da:—l—/ Vz-Vw dm+/ gw da—l—/ VH -Vwdz =0, Yw € Hj ().
F fil € Q

(39)
The bilinear form associated to this weak formulation a(u,v) = fo Vu - Vodz +

er Vu - Vude is coercive, i.e. a||v|\H1(_Q) < a(v,v), see [19,22]. Then from the

Lax- Milgram theorem we deduce the existence and uniqueness of Z solution of
(39). The coercivity of this bilinear form yields:

allzF ) < 7/ gEdaf/ VH - Vzde, (40)
re 2
and hence

Bl ) < W9l e 17l g3 oy + IV 20 [V n20y (1)
Using the facts that ||Z]|

C||H| f71(2y Wwe obtain:

b ey < ClElE1 (2)5 IVEl L2 () < CliZl 1 () and [[VH]|2(0) <

allzl3rs ) < C (gl -y oy + 1H 1202y ) El 1102 (42)
The continuity of the lifting operator gives us that ||H|[g1(o) < C||h[| 1, so we

H2(I)
can write:

2l < € (lall -y oy + 103y ) - (43)
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We are now ready to state the following result:

Theorem 1 There exists a constant C' > 0 independent of € such that:
ldi |l gy < CeEXTH for all K €N,

where d% is the residual introduced in Section 8.

Proof With z = d% we have g € O___. (5t and h € O

1 1 (B (see
H™3(I*) H3 (D)
Section 3.1.5).

3.5 Solution for a circular inclusion using the separation of variable method

In this section, we solve Problem (1) by the separation of variable method then we
solve Problem (7) by the same method and compare the two results for the first-
order of the asymptotic expansion. We will use the same geometrical configuration
but with a circular shape for the interface I and the boundary I'* (see Fig. 3).

Fig. 3 Circular inclusion and domain.

3.5.1 Antiplane problem solve using the separation of variable method

Considering the polar coordinates (r,8) and the following particular form for the
uy, ke {f,m}:
ug(r,0) = fi(r)gx (0), (44)

we obtain from equations (1a) and (1b) the following equations:
2fi(r) | S) 9 ()
r —+r = — ,

fi(r) — fi(r) 9(0)

The left hand sides of these equations are independent of § and the right ones are
independent of . Then they are both equal to the same constant, called separation

ke {f,m}). (45)
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constant, that can be proven to be equal to ni with ng € N. This leads to the
system of two decoupled equations:

P2 fi (r) +rfi(r) = nifio(r) = 0, (46a)

9k (0) +nigr(0) = 0. (46b)

Using the equation (1c) we can see that g () = g2(0) and then n; = n. We observe
now that we can search solutions of the forms of 7* and thus we obtain:

frir) =Cur™ +er™™, (47a)

fm(r) = C2Tn + 037"_n~ (47b)

The solution must be bounded at the origin, hence ¢ = 0. The next step is to use

the continuity of the fields and their normal derivatives throughout the interface

I'® to determine the constants C1, C3 and Cs. In fact, from equations (1c¢) and
(1d) we obtain with 8 = S=—%f and h = % the following expressions:

e
Ci(n) = %ﬁfgf), (48a)
Co(n) = %, (48D)
Ca(n) = %. (48¢)

By expanding C1, C2 and C3 with respect to the small parameter h and taking
n = 1 we can bring up the first contribution of the inclusion in the expression of

matrix field:
Uy = uﬁg) + huf,? + h2ug). (49)

Since ug) is zero and u,(YOL), u$,§> are independent of € so we can conclude that the

first contribution of the inclusion is of order 2.

3.5.2 Solving v (©) by the separation of variable method

Thanks to the separation of variable method and using polar coordinates (rs,6)
(rs = £) we decompose the functions Vk(o) as follows:

VO (rs,0) = 3 1 (rs) cos(nd) + g (rs) sin(nf), ke {fym}).  (50)
n>1

Injecting (50) in (7a) and (7b) and solving the differential equations we obtain:

fR= Aprt 4 aprs ™, (51a)
g% = By + bprs ™. (51b)

Using the interface conditions prescribed by (7c) and (7d) we obtain:

):amfocf 0—|—

(0)
Vi’ (75,0 o (af+am cos P~

. sin 0) . (52)
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with V(9 (0) = (a b)!. Thus, Solving directly Problem (1) by the separation of
variable method we obtain that the first contribution of the inclusion is in 2. Now
injecting (52) in (10) we obtain:

2 - —ay)b
UE,}m,(T’y 0) = u® + 67 <M cos 6 + M sin 9) . (53)

af+am af+am

The first contribution is indeed in &2 which is in accordance with the result pre-
sented in Section 3.5.1.

4 Asymptotic expansion for the plane strain linear elasticity problem

We now propose an adaptation of the construction of the asymptotic expansion to
the vector valued case of the plain strain elasticity problem (2). One of the main
differences will be the appearance of an additional term in the expansion related
to the difference of the constitutive laws in the inclusion and in the matrix. The
form of expansion is as follows:

K K K
[K] _ (0 i (i iy, (i—1) T i+1,,(i—1) &
ul (@) = u >(m)+25 v )(m)+§s v, (g)+§s z V(). (54)

where u(?) denotes the solution to Problem (2) still for ¢ = 0, the functions
v are defined on £ and the Vk(i) and Z,(j) functions on the whole R2.

The structure of this section globally follows the one for the Poisson problem
in Section 3 apart from the fact that we do not propose a resolution by separation
of variables, mainly because it gives no easily exploitable result in that case. Of
course, an approximation by boundary elements or a Galerkin method can still
be considered. The result on the behavior at infinity of functions V" and Z® is
given in section 4.3 but only in the isotropic case. This also limits to the isotropic
case the error estimate given in Section 4.4.

4.1 Building the asymptotic expansion
The difference dg j, = uj, — uw® (k € {f,m}) is now solution to:

dive of(d§ ;) (2) = — dive(Ej : e(u'?))(2) in 25, (55a)

dive om(do m(z)) =0 in $2;,,(55b)

dy ¢(x) = dj m(x) on I', (55¢)

o1(d (@) np = —om(dsm(®)) nm + [(Em — Ey) : e(u'® ()] n; on I'°,(55d)
djm(z) =0 on I'. (55¢)

This time, we note the emergence of two terms [(En — Ey) : €(u’)(x)] - ny on I'%,
which is similar to the term (am — af)anu(o)(w) of the antiplane problem, and a
new term —div(Ey : e(u))(x) in 5.
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x

Still using the scaling y = £ and denoting 2""° = %, Dy 1 (y) = dor(x)
(k € {f,m}) is solution to the following scaled problem:

divy o(D§ ;) (y) = —& diva(Ef : e(u'?))(ey)) in 2, (56a)
divy om(D§.m)(y) =0 in 2™, (56b)
D§ ¢(y) = D§m(y) on I, (56¢)

o1 (Do, f)(y) np = —om(Dom)(y)  nm
+el(Bm — Eyf) : ex(u'®(ey))] -ny on I', (56d)
D§ . (y) =0 on g (56¢e)

Now, as ¢ is considered to be small compared to the size of the domain, we ap-
proximate Problem (56) by the following problem defined on the dilated domain
N2 = lim._,o 2"°:

divy o1(D§ f)(y) = —* diva(Ey : e(u'?))(ey)) in 27, (57a)
divy om(D6.m)(y) =0 in 2%, (57b)
D§ ¢(y) = D§ m(y) on I, (57¢)

o1 (Do, f)(y) ny = —om(Dom)(y)  nm
+e[(Em — Ey) : ez (ul® (ey))] -my on , (57d)

D§ ., (y) —» 0 when |y| = oco.  (57e)

Let us then introduce two problems which will allow us to construct the differ-
ent orders of the asymptotic expansion for the contribution of the inclusion. Both
of these problems are defined on the dilated domain 2°°. For each order p, we
consider the functions V) and Z®) solutions to:

divy o (V/")(y) =0 in 2}, (58a)
divy om (Vi) (y) =0 in 2, (58b)
VP (y) =V (y) on T, (58¢)
o (Vi) () np = —om (Vi) (y)  nm + 0P (y) on I, (584)
V,ELP) (y) > 0 when |y| = oo, (58e)
and
divy o (Z{)(y) = P (y) in 2}, (59a)
divy om(Z))(y) = 0 in 2 (59b)
Z2P(y) = z¥ (y) on I, (59¢)
c’f(ZJ(rp))(y) ny = fO'm(ZT(,f))(y) “Mm on I', (59d)
Z,gf)(y) — 0 when |y| — oo. (59e)

The functions V® and Z® are introduced to offset terms appearing on the
boundary I'“ and in the domain 27 where the data »P)(y) and @ (y) will

be adapted to each order p. The existence and uniqueness of the functions v(®)
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and Z(®) are established later in Section 4.2. From the regularity assumptions
on the domain we can write Taylor expansions of ez(u(?))(cy) for y € I'" and
—divg(Ey : e(u9))(ey) for y € Q}':

K
ex(u(ey)) =Y c'w’(y) + 0", (60)
=0
and X«
—diva(By : e(u®))(ey) = Yy () + 0" ). (61)

i=0
4.1.1 First-order approximation

The first-order approximation is constructed by compensating the first term in the
expansion of [(En — Ey) : e(u®)(ey)] - ny and the first one in the expansion of
—dive(Ef : €(u?))(ey). With V(%) solving Problem (58) for ¢ (y) = [(Em —
Ej): w(()o)(y)] -ny and Z(¥ solving Problem (59) for k(©)(y) = v(°)(y) we update
the residual:

di p(@) = ui(@) ~u”(2) -V (D) - Z27(D), keffm) (62)
The update of the difference allows us to obtain the first-order approximation:

1 0),T 0), &
ulll(@) = @) + eV (D) +22,7 (), (63)

where k € {f,m}.
Then, for k € {f,m}, di ; is solution to:

dive og(di f)(x) = —dive(Ey : e(u?))(ey) — 7(()0) (y) in 2%, (64a)
dive om(di m)(z) =0 in 25, (64b)
15(®) =di;m(z) on I, (64c)

op(dif)(@) ny=—om(din)(x) nm
+(Em — Ey) : [ex(u® (ey)) — ((JO) (y)] -y on I, (64d)
$ (@) = —sV,SP( ) — 522,%’)(%) on I (64e)

4.1.2 Second-order approzimation

We have built a first-order approximation of the solution with u(o), v(©) and
AR independent of . The next step is to build the second-order approximation
by compensating (E, — Ey) : [e(u ) (cy)) — (0)(y)] ~ny on I'°, —dive(Ey :
e(u?))(ey) —y(go)( ) in 27 and —5V(0)( ) on I'. For that we introduce equivalent
functions that play the same role as those introduced before but this time on I":

dive om(v?)(z) =0 in £, (65a)
v D (x) =D (z) on I (65b)
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We need to expand V,S{J) at infinity:

K (g

K (i)
Vil =Y (6) +O<\y|11<+1> =y % ©) L oK+, zer (66)

K3 (]
2y 2<% Taf

The previous expansion is proven in Section 4.3 in the isotropic case.
So, with V() solution of Problem (58) for ¢(!)(y) = [(Em — Ef) : w (1)(y)] ny,
ZW solution Problem (59) for kX (y) = 41 (y) and v(? solution of Problem (65)

(1)
for ) (z) = —%‘T(ﬁ) we update our residual as follows:
d5 (@) = di (@) =V (2) - 2P (@) - 2210 (D). (67)
The update of the difference allows us to obtain the second-order approximation:

u? (@) = u@ @+ (D) +22 D)+ (D)1 @)+ 20 (D), ke {fim)
(68)
Then, for k € {f,m}, d5 ; solves the following problem:

divg op(ds f)(x) = —dive(Ey e(u9))(ey) - '7(()0)(1;) Y )(y) in 2%,(69a)
divg om(d5,m)(x) = 0 in 2;,(69b)
5. f(x) = d3 () on I'°,(69c)
of(ds ) (@) ny = —om(dzm)(@) nm
+(Bn — By) - [e(u(ey))) — 0 (v) — 2w (y)] - m
+e*(Em — E;): [e(v@)(sy))] -ny on I'°(69d)

Som(x) = s(siaél)(e) —yE)

2| "

2z (3) + i (2) - 220 (2) on 1. (69)

4.1.8 Third-order approzimation

Following the same approach, we expand as done before e(v(®)(ey) as follows:
(2) )(ey) = Zg(l) (l) y) + O(e K+1) (70)

Now, we need to expand V,Sll) + Z,(,?) at infinity since both functions have a
factor of £2:

K K i
Vi () +2Z% (y) = Z =% iag)(9)+0( K1) er
y)+ Yy ly |(z) L. = .715 ]’ € ) x .

(71)
The previous expansion is proven in Section 4.3 in the isotropic case.
With V2 solution of Problem (58) for ¢ (y) = (Em—Ej) : (w3 (y) + w3 (y))-
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ng, 7z() solving Problem (59) for ,4(2)(31) = 7(2)(y) and ©® solution of Problem
(65) for P = SO 0

|| ||?

we write the third-order update:
x T
di (@) = dj (@) — 00 (@) - VP (D) ' 27(D). ke{rm) (1)
The update of the difference allows us to obtain the third-order approximation:
u®) (x) = u® (x) + eV, (%) +e2zO (g) + 52v,§1>(§) + 0@ ()
+e2z(V (%) + 3™ (z) + €3Vk(2)(§) + a4z,<f>(§), ke {f,m}. (73)
Then, for k € {f,m}, d3 ; solves the following problem:

divy oy (d5 f)(2) = — dive(Ey : e(u'”))(ey) — 45" (v)
—e’yé”(y) — 527(()2)(y) in Q;, (74a)
dive o2(d5 ) () =0 in 25, (74Db)
d3 ¢(x) = d5 m(x) on I'°, (T4c)
op(ds f)(x) np=—om(dsm)(x) nm
+(Em — Ey) : [s(u(o))(ey) - w(()o) (y) — ew(()l)(y) - 52w(()2)(y)] Sy
% (B — By) : [e(v® (ey) — i (v)] - my
+&*(Em — Ey) : [e(® (ey))] -my on I, (74d)

(2) (1)
€ _ 205 (0) ay’(0) _y 0z
d3-,m(w) - E(E |(IZ|2 +e |il!| Vm (E))
ai”(0)

+e2(e W) -z ()

||

LW + 20 (5) -2 (5) on 1. (Tde)

4.1.4 Fourth-order approximation

As done for the Poisson problem, we go there to the fourth-order to deduce the
general form of the function 4. Now we expand e(v®)(ey):

K
e(0)(ey) = 3w (v) + 0", (75)

We also need to expand Vn(lz) + Z,(,% ) at infinity since both functions have a factor
of &3:

(2) 1) = al(0) 1 () K41
Vi (W) +2Zn (y) =) , +o(|le+1) => e 2] +0(e**Y),  =zel.
i=1 1=1

(76)

The previous expansion is proven in Section 4.3 in the isotropic case.
Finally, with V&) solution of Problem (58) for ¢® (y) = (Em—Ey) : (wéB) (y)+
wél)(y) + wéo)(y)) ng, Z®) solving Problem (59) for k) (y) = 783)(3/) and v®
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a0  aP@®)  alP@®)

[ xP T =

solution of Problem (65) for ¢ = — we write the fourth-

order update:
di (@) = di (@) — (@) - 'V(D) L2 (D). ke {rm) (70)
We obtain the following equations for dj ;. (), k € {f,m}:

div oy (di ) () = — dive(Ey : e(u®))(ey) — 75" () — e9" ()
—2 ) (y) — 4457 (y) in 025,(T8a)
diveom(dim)(z) =0 in 2;,(78b)
dj (x) = dj m(x) on I'°,(78c)
of(dyf)(x) -ny= *Um(di m)(®) -
+H(Em — Ep){(e(u'” (cy)) —wi” (1) —ewl” (1) 2w (9) 0P ()] n,
+e(Bm — Eyp) : [(e(v? (y)) - 0 (y)) — ewl? ()] - my
+&* (B — Ey) : [e(v® (ey)) — wi” (y)]
+et (B — Ep) : [e(w P (ey))] - n
a0 (0) | 2a6”(0) | _ag”(0) valm(z))

ng

on I"°(78d)

@) = g T e
@) ™)
2020 (0)  a;°(0) yzy 0T
e e Ve (D) 2 (D))
o
0
+&3(e le ) V,ﬁf)(w) v(r%)(g))

T T
SV (D) +20(2) ~ 2200 (2) on I (T8e)

4.1.5 The K-th order approzimation

We can update our residual at the order n > 3 as follows:

—1y,T
di, (@) = iy (@) "o (@) — VT (D) - (D) ke {fm).
o (79)
P
With (™ solves Problem (65) for 4™ = — 3 ,1q—n_s ]ZT(:?)’ V(=1 the solution

p>1,q>0

of Problem (58) with ("1 (y) = (Em—Eg) > pta—n—1 w((lp) (y) -my, and A
p>1,9>0

solving Problem (59) for k™Y (y) = vV (y). We are now able to build an
approximation u!™! (z) to the order K > 3 (k € {f,m}):

(:1: —u(o) —1—2511;(1) —l—ZE V<Z 1) —|—z:<€z"'1Z(z 1)( ). (80)



Multi-scale asymptotic expansion for a small inclusion 23

We obtain the following equations for dj . (k € {f,m}):

divoy(di ;) (®) = Op-1(0ze (" 1) in 25, (8la)
div om (di ) (x) = 0 in £2,, (81b)

di ¢(x) = di p(x) on I'°, (8lc)
)

)

of(dif)(®) -y = —om(di ) (@) nm + O ("), (81d

1
H™2 (I',R?)

Kom(x) =0 (%) onT. (8le

1
H?Z (I'R?)

4.2 Existence and uniqueness in unbounded domains for the linear elasticity
problem

A weak formulation of Problem (58) writes:

/gl (V) s By i e(w) da +/

e(Véf’)) i Ep o e(w)de = / p-wdo, (82)
(200
¥

It
for all w e V.
Introducing the space V = {v € (Wé’g)Q; IFR vdo = 0} we can see that the
’ 0

bilinear form fQ} e(Vf(p)) D Efe(w)de + [e (Vi) : By, : €(w)da is coercive
on V. In addition, this bilinear form and the linear form [, ¢-w do are continuous
on V. Then, the existence and uniqueness of the function V®) in V solution to
(82) follow from the Lax-Milgram theorem. The existence and uniqueness of Z )

are proven in the same way.

4.3 Expansion of the functions V7$lp ) and Z,(f;) at infinity

We restrict here to the isotropic case where Ey, : € = X trace(e)l + 2ue, for A\, u
the Lamé coefficients. In that case, according to [10] the functions

< _(sin((s+1)0)
5 )(9) - (cos((s + 1)‘9)> 7 o
) ;o _ [ cos((s+1)0)
5 (0) = (— sin((s + 1)9)> 7 o
o (1—s+2p)sin((s — 1)0)
o= (e ) (85)
gy [~ s+ 2p)cos((s — 1)0)
o= (ChoTme ) 0

with p = ﬁ, generate the expansion at infinity of the functions Véf ) and Zy(,f )
which takes the following form:

Vil =20 = 3 (ap bl e+ dap V).
sEN*
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4.4 Error estimate for the linear elasticity problem

In this section we establish an error estimate for the studied problem by increasing
the H'(£2;R?) norm by powers of ¢ (characteristic length of the inclusion). First,

we begin by considering the following problem for a given g € H: (I'*;R?), h €
H*(I;R?) and f € H™Y(25;R?):

divey(zf)(x) = —f(x) in 02F, (87a)

divom(zm)(xz) =0 in 025, (87b)

zp(x) = zm(x) on I, (87¢)

oi(zf)(x) -ny = —om(zm)(x) - nm +g(x) on I, (87d)
zm(x) = h(z) on I. (87e)

Its weak form can be written as: Find z € H*(£2;R?) with z = h on I such that:

/QE e(z): B; - e(w)dm+/€ €(2): B e(w)dm—&-/sg'wda: [ fwde (9

f m

for all w € H*(2;R?) such that w =0 on I".
Lemma 2 There ezists a unique solution z to the weak form (88) of Problem (87)
satisfying

2l < (IRl oo + 8-

Hf([‘;]R2 1([‘5;]R2)+||f||H*1(QE;1R2))7

where C > 0 is a constant independent of €.

Proof The surjectivity of the trace operator guarantees the existence of a contin-
uous lifting operator H € H'(£2;R?) of h (see [22]). Then, Z = z — H solves the
following equation for all w € H'(£2;R?) such that w =0 on I':

J,

?E(E) tEy:e(w)da + /an €(Z): Epm : e(w)de + /Q; €(Z): Ef: e(w)de

—i—/ e(E):Em:e(w)dm—l—/ g-wda:/ fr-wdz. (89)

7En c 23

The bilinear form a(u,v) = [, €(u) : Ef : e(v)de + [,. €(u) : En : €(v)da
7 i

associated to the weak formulation (89) is coercive, i.e. OéH'UH?_Il(_Q;Rz) < a(v,v),
see e.g. [19,22]. Then, the Lax-Milgram theorem guarantees the existence and
uniqueness of z solution of (89) and hence existence and uniqueness of solution to
(89) follow. Using the coercivity of the bilinear form we obtain:

a||E||%{1(Q;R2) < —/F g.Eda—/Qa(H):e(E) da:—i—/QE fzde, (90)
¥

hence,

O‘”EH%P(Q;]W) < ||9HH7%(FERZ)HEHH%(FE‘RZ‘) + 1 fll -1 2m) IZl 21 (2r2),  (91)
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and therefore,

allzl iz < € (lal |+ Il + 1l 02 ) 12 o0)-

H™% (I'<;R?
(92)
The continuity of the lifting operator gives us that || H|| g1 (o;r2) < CHhHH%(F-RZ)’
SO we can write: ’
allzllgror2) < C (||g||H7%(F5;R2) + ||h||H%(F;R2) + ||fHH*1(Q;]R2)) . (93)

We can now state the following result:

Theorem 2 In the isotropic case Ep, : € = X trace(e)l + 2ue, there exists a constant
C > 0 independent of € such that:

i |1 (im2y < C5TY, for all K € N.
Proof With z = dj we have f € OH,I(Q;R2)(EK+1)7 gc OH*%(FaR?)(EK—H) and
heO . (e5+1) using Lemma 2 we obtain the announced error estimate.

H?z (I')R?)
Remark 8 The limitation of the error estimate to the isotropic case is only due to
the limitation to this case of the expansion at infinity given in Section 4.3. An
extension to some non-isotropic cases may require an adapted result of expansion
at infinity of functions V,Slp) and Z#Z).

5 Conclusion and perspectives

The purpose of this work was to study the interaction between an inclusion of a
small size compared to the size of the elastic body in which it operates. We were
able to build an asymptotic expansion starting from the field without inclusion
and correcting by additional functions that model the presence of the inclusion
and its influence on the mechanical fields (asymptotic expansion at an arbitrary
order K given by ulX] (z) in (26) for the Poisson problem and by the displacement
ulf (z) in (80) for linear elasticity). The model had been validated by comparing
the obtained result given by (53) with the one obtained by solving the problem
using a separation of variable method (49) (for the Poisson problem and with a cir-
cular shape of the inclusion). Error estimates had been established in Sections 3.4
and 4.4. The main result for the applications is that the functions v™® and V(i),
solutions to some problems do not depend on e and depend linearly on u(?) only
by the expansion of its gradient at x = 0. For a given shape of the inclusion, this
make it possible to pre-compute once for all a basis for each v and V.

The approach developed in this work can be of practical use for higher-order
averaging homogenisation processes as the link between the Cauchy elastic mi-
crostructure medium and the equivalent homogeneous macroscopic Mindlin medium
[4,5].

Natural perspectives of this work is the design of a numerical strategy first to
compute a few terms of the expansion obtained and then to compute the influence
of an inclusion in an arbitrary shaped body and the influence of several inclusions.
Extension to large strain elasticity and to three-dimensional problems are also
of great interest. Finally, the extension to inhomogeneous and anisotropic cases
should be done without major difficulties.



26 Arfaoui et al.

Acknowledgments

This work was funded by a grant from the french manufacturer of tire “Michelin”
and contributions from the Franco-Tunisian project PHC-Utique CMCU No. 14G1103,
Campus France No. 30643PM. Special thanks to Patrice Hauret, Thomas Homolle
and Eric Lignon from the Michelin research and development team for fruitful
exchanges and constructive advices during multiple meetings.

Appendix
A Poincaré-type inequality

We establish the existence and uniqueness of the profile functions V(¥) introduced previously
in the asymptotic expansion at order K given by (26). The functions V(*) are defined on R?
(two-dimensional geometry) and are solutions to the family of Problems (7). For that, we will
introduce weighted Sobolev spaces ng’ﬂp (Wé’g in our case) similar to classical ones W™P
(H'! in our case) but with weights that describe the growth or the decay of functions at infinity.
The idea of using weighted spaces arises naturally from Hardy’s inequalities and will allow us
to establish a Poincaré inequality relating to norms of functions and to that of their derivatives.

The use of these weights is necessary to obtain a Poincaré-type inequality and eliminates
the drawbacks of spaces defined by the closure of D(R?) for the Dirichlet norm and which are
not always spaces of distributions. The used weights arises naturally from Hardy’s inequality
or from a generalized Hardy’s inequality (see [2]) and the classical ones are of the form p =

1
(1 + |x|?)2 but there is appearance of a logarithmic factor in our case.

A.1 Notations and functional setting

All functions and distributions here are defined on the two-dimensional real Euclidean space
R2.

Let r = |z| = (23 + w%)% be the distance of a point z = (z1,z2) to the origin. Recall
that D(R2?) denotes the space of infinitely differentiable functions with compact support and
D’(R?) its dual space called space of distributions. With A = (A1, ..., \s) € N® a multi-index

D) = Di\l ... Dpm is the differential operator of order |[A| = A1 + --- 4+ An. L2(R2) is the
classical space of measurable functions for which (fR2 |u|? dz) < oco. It is a Banach space for

the norm ||ul| = (g |ul? dw)%
With p = (1+ 1”2)% we introduce the weighted Sobolev space, which is appropriate to our
case, by:
2 - -
Wos (R?) = {u € D'(R?),p~ (g p)'u € L*(R?), Vu € (L*(R?))*},
which is a reflexive Banach space equipped with its natural norm:
_ _ 1

el 22y = (o~ 0g) ™l ey + 1Vul3age)) b

We also define the semi-norm:

[l 2 a2y = [Vl 2 g2)-

With r = |z| we set Ig(r) = In(2+72), Bg = B(0, R) the open ball with center 0 and radius R
and B;2 = (BR)® the exterior of Bg. Finally, we define Py as the space of constant functions.
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A.2 An intermediate result

The following result is an intermediate result to prove the equivalence of the norm and the
semi-norm.

Lemma 3 For any large enough real number R, there exists a constant Cr such that:
’
’ < ’ .
Vo € D(BR)7 HQD”W(%,Y(?(BR) = CR‘QP‘W&’S(BR)

Proof Let ¢ belongs to D;%. First, observe that, owing to the support of ¢, all integrals in the
norm and semi-norm are taken on B;% instead of R2. Hence, since the origin is in the interior
of Bgr, we can use r and Inr instead of p(r) and lg(r) in the expression of the norm and

seminorm. Then using g—f = Vg - L we can write:

2

9 |". (94)

ox;

(9790
or

2 2
<2y
=1

Let 6 be the angular variable, then we have:

go(r,@):/RTgo(t,@)dt.

Now, assuming that R is large enough, we apply the generalized Hardy’s inequality (see [2])
(with v = —2) to the function r — ¢(r, 0). Integrating with respect to 6 and applying (94) we
obtain:

lr= nr~ < ClDel 12

1
L'OHL2(B;%) (B;%)

The needed result can now be proven.

A.3 A Poincaré-type inequality

Theorem 3 The semi-norm |-| defines on W&’g (R%)/Py a norm which is equivalent

Wo.o (82)
to the quotient norm.

Proof 1t is clear that |- | is a norm on Wé’g (R2)/Py, and that:

1.2
Wyl (R?)

,2
Yu € Wos(R?),  July1.2 (R?) < Jlull 1,2 (R?). (95)

Thus, we only have to prove that there exits ¢ > 0 such that:
. 1,2 52
Yu € WO’O(R )/ Po,

. 2
H“”w&;S(n&"‘)/PU < Clu\wé:g(R )- (96)

The proof proceeds in two steps. The first step consists in eliminating the quotient norm by

choosing an adequate representative of the class of u. To this end, we fix a bounded open
domain of R2, with positive measure, say O, and we choose the representative U of 4 in

Wé:g (R?) that satisfies the system of equations:

Y e Po,/ Updx = 0. (97)
o

It is easy to see that (97) determines U uniquely and that:
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Therefore, the second step consists in proving that there exists a constant C' such that the
following bound holds for all U in Wy'g (R?) satisfying (97):

We shall prove it by contradiction. If (99) is not true, there exists a sequence (U, ) of elements
of W&:g(RQ) satisfying (98) and such that:

=1 and |U,| — 0. (100)

1%t 2 o) Wid @)
Hence the sequence (U,) is bounded in Wé’g (R?) and since this is a reflexive Banach space,
we can extract a subsequence, still denoted by (U,), that converges weakly to an element
Uy of Wé ’g (R2) and it is easy to check from this weak convergence that U, also satisfies

(98). But since tends to 0, the lower semi-continuity of the norm implies that

Iu'Wé:S(R2)
wi2(r2) = 0. Thus, U is a constant (polynomial of Py) and the fact that U, satisfies (98)
0,0
implies that U, = 0.
Now, we need a strong convergence to conclude by contradiction, but we cannot use a

standard compactness argument on an unbounded domain. Instead, we shall derive a strong
convergence via an adequate partition of unity that will enable us to consider separately a

Jul

bounded domain where the topologies of Wé,’g and H! coincide and the exterior of a ball,
where Lemma 3 can be applied.

Let R denote a real number, large enough to apply the generalized Hardy’s inequality. Let
¢ and 1 be two functions of C°°(R?) such that:

Ve € R2 (¢ + ) (x) = 1,0 < p(x) < 1,supp(¢) C Bry1,supp(¥) C B;{. (101)

Since for fixed R, WOI’S(BR_;,_l) is isomorphic to R, H'(Bgry1), we have that U, converges

weakly to 0 in H!(Bgy1). Since H!(Br41) is compactly embedded into L?(Bgy1), it follows
that

U, — 0 strongly in L?(Br41), (102)
In addition, as |UV|W$:§(R2) tends to 0, it follows that
U, — 0 strongly in WY2(Bgr1), (103)
so that
@U, — 0 strongly in Wy’ (Br41)- (104)

Now, let us examine the behavior of ¥U,. For fixed v, let (6;) be a sequence of functions of
D(R?) that tends to U, in W&‘g(RQ). Then, 16; belongs to D(B;%) and we can apply to it
Lemma (3)

y < 7 ’ .

Then, letting j tend to infinity and using the fact that v is identically one outside Br4 1, we
obtain:
1
P
H¢U’/HW3:3(R2) < CR|”¢UV|W3:§<B;%) <Cgr (|¢Uu| 1,2

’
WO.()(B

+ U P
R 1)

P
Wéjg(B;Hl)) ’

(106)
Next, let v tend to infinity and observe that ¢ U, tends to zero strongly in Wé”g(B;% N Bpr+1)
because B;R N Bry1 is bounded and Wé:g(B;% N Br+1) is isomorphic to lez(Bg N Br+1);
we derive that:

NBRry

YU, — 0 strongly in Wy 3 (Bp).- (107)
Since U, = U, + ¥U,, we obtain:
Uy — 0 strongly in Wy g (R?), (108)
which contradicts the assumption (100) that:

UL L.

”WS:S(RQ) =
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