Filter design under magnitude constraints is

a finite dimensional convex optimization problem

Laure Rossignol^†, Gérard Scorletti^†, Vincent Fromion^‡

† Laboratoire d’Automatique de Procédés, 6 boulevard maréchal Juin, 14000 Caen,

‡ Laboratoire d’Analyse des Systèmes et de Biométrie de l’INRA, Place Viala, 34000 Montpellier,

Outline

1. Introduction 2. Weighting function for H_∞ control 3. General Problem Statement 4. Main result : General Problem Solution 5. Sketching the proof in the case of Simplified Problem 5.1. Semi infinite dimensional formulation 5.2. Extension of Kalman Yakubovic Popov Lemma 5.3. Equivalent finite dimensional formulation 6. Application : H_∞ weighting function design 7. Conclusion 8. Related Problems

Weighting function for H∞ control

G(p) K(p) + − r y ε

Step and sinusoidal reference ⇐⇒ Magnitude of T_{r→ε} bounded by signals r tracking a weighting function magnitude satisfying the considered set of constraints

Purpose =⇒

Weighting function design

General Problem Statement

1. N_u upper bounds U_i(ω) defined on sub intervals Ω^u_i 2. N_l upper bounds L_j(ω) defined on sub intervals Ω^l_j 3. a positive integer n

find if there exists a minimum phase proper stable filter F of order bounded by n such that : { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)| < U_i(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j, L_j(ω) < |F (jω)| and compute it.

Problem difficulties 1. Infinite number of decision variables 2. Infinite number of inequalities

Main result : General Problem Solution

Find X_N = X^T_N , X_D = X^T_D, P_N = P^T_N , P_D = P^T_D , P^u_i , P^l_j [ C^T_b D^T_b ] X_N [ C_b D_b ] + [ A^T_b P_N + P_NA P_NB_b B^T_b P_N 0 ] > 0 (1) [ C^T_b D^T_b ] X_D [ C_b D_b ] + [ A^T_b P_D + P_DA P_DB_b B^T_b P_D 0 ] > 0 (2)

∀i, P^u_i + P^u_i^∗ > 0, [ C^∗_i D^∗_i ] [ −X_D 0 0 X_N ] [ C_i D_i ] + [ A^∗_i P^u_i^∗ + P^u_i A_i P^u_i B_i B^∗_i P^u_i^∗ 0 ] < 0 (3)

∀j, P^l_j + P^l_j^∗ > 0, [ C^∗_j D^∗_j ] [ X_D 0 0 −X_N ] [ C_j D_j ] + [ A^∗_j P^l_j^∗ + P^l_jA_j P^l_jB_j B^∗_j P^l_j^∗ 0 ] < 0 (4)

where A_b, B_b, C_b, D_b, A_i, B_i, C_i, D_i, A_i, B_i, C_i, D_i are defined from the problem data.

=⇒ An LMI optimization Problem

→ The solution is

F (jω) = N(jω) D(jω) with { N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) D(jω)^∗D(jω = B(jω)^∗X_DB(jω)

Infinite dimensional problem formulation ⇓ LMI finite dimensional convex optimization problem ⇓ Efficient Algorithm

Sketching the proof in the case of Simplified Problem

→ One upper bound constraint U(ω) on Ω = (ω; ω)

(♦) Find F (jω) such that : for all ω ∈ Ω, |F (jω)| < U(ω) and compute it

Infinite dimensional formulation 1. Infinite number of decision variables 2. Infinite number of inequalities

Semi infinite dimensional formulation (I)

• Change of variable F (jω) → |F (jω)| → Constraint affine in |F | (infinite dimension variable) |F (jω)| → F (jω) : Classic Spectral Factorization.

• F (jω) = N(jω)D(jω), (♦) ⇐⇒ |N(jω)| < |D(jω)|U(ω) → Constraint affine in |N| an |D|

• Finite dimensional parametrization |N(jω)|^2 = B(jω)^∗X_N B(jω) |D(jω)|^2 = B(jω)^∗X_DB(jω) with B(jω) = [ (jω)^n (jω)^{n−1} · · · jω 1 ]_T → Constraint affine in X_N and X_D (infinite dimension variable)

Semi infinite dimensional formulation (II)

(♦) ⇐⇒ C.1 for all ω ∈ [0, +∞), B(jω)^∗X_NB(jω) > 0

C.2 for all ω ∈ [0, +∞), B(jω)^∗X_DB(jω) > 0

C.3 for all ω ∈ Ω, [ B(jω)U(ω) B(jω) ]_∗ [ −X_D 0 0 X_N ] [ B(jω)U(ω) B(jω) ] < 0

Problem : Infinite number of inequalities

Extension of Kalman Yakubovic Popov Lemma

• KYP Consider Φ(jω) = D + C(jωI − A)^{−1}B ∀ω ∈ [0, +∞), Φ^∗(jω)MΦ(jω) < 0 → infinite number of inequalities ⇐⇒ ∃P = P^T , [ C^∗ D^∗ ] M [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 → finite dimensional optimization problem

−→ Using Robust theory, we obtain • Extended KYP Consider Φ(δ) = D + Cδ(I − δA)^{−1}B ∀δ ∈ (0, +∞), Φ^∗(δ)MΦ(δ) < 0 → infinite number of inequalities ⇐⇒ ∃P, P + P^∗ > 0, [ C^∗ D^∗ ] M [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 → finite dimensional optimization problem

Use of this KYP lemma Extension

Loop-shifting δ ∈ (0, +∞)

Complex Matrix ω ∈ Ω

Complex Matrix −jA −jB C D −jA −jB C D A B C D

T_Ω I jω

Real Matrix ω ∈ Ω I ω

δI

M ⇐⇒ ⇐⇒

Equivalent finite dimensional formulation (♦) ⇐⇒ Find X_N = X^T_N , X_D = X^T_D, P_N = P^T_N , P_D = P^T_D , P + P^∗ > 0, C.1^{KY P}⇐⇒ [ C^T_b D^T_b ] X_N [ C_b D_b ] + [ A^T_b P_N + P_N A P_N B_b B^T_b P_N 0 ] > 0 (5)

C.2^{KY P}⇐⇒ [ C^T_b D^T_b ] X_D [ C_b D_b ] + [ A^T_b P_D + P_DA P_DB_b B^T_b P_D 0 ] > 0 (6)

C.3^{EKY P}⇐⇒ [ C^∗ D^∗ ] [ −X_D 0 0 X_N ] [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 (7)

→ The solution is F (jω) = N(jω) D(jω) with { N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) D(jω)^∗D(jω = B(jω)^∗X_DB(jω)

Application : H∞ weighting function design

Conclusion

1. finite dimensional convex optimization solution involving Linear Matrix Inequality constraints for an a priori infinite dimensional problem 2. convex = efficient solution 3. flexibility of the proposed formulation, allowing to solve problems using a natural form 4. no extra assumption of the obtained filter (as the filter poles are fixed or the phase filter is linear) 5. For a given order, if it exists, obtention of a filter satisfying upper and lower magnitude bounds

Related Problems

Similar approach can be applied to

1. Digital filter design (FIR,IIR) under magnitude and/or phase constraints 2. Lead-lag Network design satisfying phase constraints 3. Model reduction by Phase Matching on given frequency range 4. Model reduction by Magnitude Approximation on frequency range

Example of FIR design

Loop-shifting operation

G(jω) = ( I ω ⋆ [ −jA −jB C D ])

Change of variable : ∀ω ∈]ω ω̄[, I ω = I ω + δI(I + δω̄)^{−1}(1 − ω̄ ω ) = δI ⋆ T_Ω, δ ∈]0, +∞[

avec T_Ω = −ωI (1 −^ω)I I (^1_ω)I ∀ω ∈]ω ω̄[, G(jω) = ( δI ⋆ T_Ω ⋆ [ −jA −jB C D ])