Rapport Technique LAP-ISMRA Université de Caen LAP 01.01

Filter design under magnitude constraints is a finite dimensional convex optimization problem

L. Rossignol^△, G. Scorletti^△, V. Fromion^‡

△ LAP, ISMRA, 6 bd du Maréchal Juin, F14050 Caen cedex, France. {scorletti@greyc.ismra.fr} ‡ LASB, INRA–Montpellier, 2 place Viala, 34060 Montpellier, France. {fromion@ensam.inra.fr}

Abstract

We consider the design of filters satisfying upper and lower bounds on the frequency response magnitude, in the continuous and discrete time domains. The paper contribution is to prove that such a problem is equivalent to a finite dimensional convex optimization program involving Linear Matrix Inequality contraints. At now, such optimization problems can be efficiently solved. Note that this filter design problem is usually reduced to a semi infinite dimensional Linear Programming optimization problem under the additional assumption that the filter poles are fixed (for instance, when considering FIR design). Furthermore, the semi infinite dimensional optimization is practically solved, using a gridding approach on the frequency. In addition to be finite dimensional, our formulation allows to set or not the filter poles. Numerical applications emphasize the interest of the proposed results.

1 Introduction

Problem interest The design of filters, in the continuous time or in the discrete time is an important issue in signal processing (see e.g. [RG75a, GPR99]). The design specifications are formulated in the frequency domain. These problems were largely considered and at now some of them are still open.

Nevertheless, in this context, the filter design is of interest in other fields of engineering sciences, for instance, in automatic control. During the last twenty years, dramatic advances were accomplished in the design of control laws using the frequency domain approach. A new field, referred to as Robust control or H_∞ control [Zam81, DGKF89, ZDG95] is strongly developing. In these approaches, the specifications of the control law are first translated as constraints on the closed-loop transfer function magnitude in the frequency domain [Zam81]. These constraints are defined by the use of filters whose magnitude constraints the closedloop transfer function magnitude. These filters are referred to as weighting functions. At now, these approaches were successfully applied to industrial control problems (see e.g. [FD94, FFDM96]) and, in some aspects, extended to the case of non linear systems [Fro95, FSF99].

Nevertheless, the practical design of the weighting transfer functions was hardly considered. To our best knowledge, the few existing approaches [Fon95] considers filters of specific structure. As a consequence, a general tool, allowing an easy translation of the control design specifications in weighting transfer functions is missing. Such a tool will allow a wider application of these control design methods. In addition to respect arbitrary upper and lower bounds on the frequency response magnitude, the weighting function order is required to be small. Actually, the H_∞ control law order equals the weighting function orders plus the plant order. As a low order control law is desirable, low order weighting functions are of interest. Note that the weighting function phase is not constrained.

Review of some previous filter design methods A first classical approach of the design of analog filter satisfying magnitude bounds is based on prototype filters such as Chebyshev filters, Butterworth filters, elliptic filters, etc [RG75a] for achieving given standard types (lowpass, highpass, etc...). One the one hand, note that the obtained filter order is high and that the underlying formulation is not flexible. For instance, in this solution is not adapted to the H_∞ weighting transfer function design. On the other hand, the obtained solution is not optimal. Note that this approach, by the use of the bilinear transformation [RG75a, DV75] allows to design digital filters.

More recently, a lot of work was dedicated to the design of Finite Impulse Response (FIR) filters, especially in the case of linear phase FIR filters. Note that FIR filter design can be interpreted as the design of a filter whose poles are fixed. For instance, using the Chebychev approximation, several algorithms were developed whose most famous is the Remes exchange algorithm (see e.g. [PC72, PC74, RG75a]). Note that these approaches heavily rely on the linear phase constraint of the designed FIR. Furthermore, the general problem of designing a FIR filter satisfying arbitrary upper and lower bounds on its magnitude is not solved in a clear way.

An alternative approach to FIR filter design is to recast the problem as an linear programming optimization problem. Such a formulation is much more flexible than the previous one. In [SPK92], this approach was applied in order to design linear phase FIR filters. Nevertheless, note that the underlying optimization problem is semi infinite (so called SIP, Semi Infinite Problem) [GPR99]: in [SPK92], this problem was solved in an approximative way, using a frequency gridding in order to obtain a finite dimensional optimization problem. The advantage is that there exist efficient algorithms solving LP optimization problem. But, in general, there is no guarantee that the semi infinite constraints are satisfied between frequency samples. The purpose of this paper is to show that magnitude filter design problem can be equivalently formulated as a convex finite optimisation problem.

The case of the FIR design satisfying arbitrary magnitude bounds, without the linear phase constraint, using optimization, was considered in [GPR99, WBV96]. Note that, in the context of H_∞ weighting transfer function design, the linear phase overconstraints the problem. In [WBV96, Wu97], this design problem is formulated as a semi infinite optimization problem. Some of the constraints can be equivalently replaced by finite dimensional constraints. Actually, their approach is based on a (partial) gridding of the convex optimization problem leading to a large-scale optimization problem involving Linear Matrix Inequality^1 contraints. As a matter of fact, if at now large scale Linear Programming problems can be efficiently solved, it is not the case for LMI programming problems. Furthermore, under strong assumptions on the magnitude bounds, the whole problem can be equivalently formulated as a finite dimensional optimization [Wu97]. As a consequence, the proposed solution is not satisfying enough with respect to our objectives.

In this paper, we actually prove that the filter design problem can be formulated as a finite dimensional optimization without these strong assumptions. Our result holds in the case of FIR filters and in the case of IIR filters. Using IIR (Infinite Impulse Response) filter rather that FIR filters generally allows to obtain filter satisfying a given magnitude specification with a less important order. Thus, for instance, FIR filters are not adapted for the H_∞ weighting transfer function design.

Proposed approach and contributions Our approach is closely related to the Wu’s one [WBV96] but bypasses her disadvantages. Actually, under mild assumptions on the arbitrary lower and upper bounds on the filter magnitude, we prove that the filter design is a finite dimensional convex optimization problem. This result still holds when the FIR filter design is considered. Furthermore, this proof is constructive and of practical

1Linear Matrix Inequalities are briefly defined in the sequel.

interest, that is, we propose a finite dimensional convex optimization problem involving Linear Matrix Inequality constraints. An LMI constraint is a matrix inequality of the form F (ξ)^Δ= F_0 + ∑_m i=1 ξ_iF_i > 0, where ξ ∈ R^m is the variable, and F_i = F^T_i ∈ R^{n×n}, i = 0, . . . , m are given symmetric matrices. Several algorithms that have practical efficiency have been devised for solving convex problems involving these constraints see e.g. [VB96]. The LMI problems can be solved using the free ware code SP [VB96] and its Matlab/Scilab interface LMITOOL [END95], or the available commercial Matlab Toolbox, LMI Control Toolbox [GNLC95].

In fact, the Wu and al results are derived from an interesting application of the positive real lemma [Pop73] in the discrete time domain. In contrast, our approach is based on an extension of the Kalman Yakubovitch Popov lemma [Pop73] which is strongly related to the LMI based μ analysis upper bound [FTD91, LSC94].

Our approach is mainly presented for the continuous time (that is, analog) filter design which is of strong interest e.g. in the case of H_∞ weighting function design. Of course, in the field of signal processing, a more important problem is the design of discrete time (that is, digital) filters.

Nevertheless, using our approach, a direct solution can be proposed for the digital filter design. In fact, the solution is a little bit more elegant in the continuous time case than in the discrete time case. In fact, when considering continuous time filters, the corresponding transfer function is naturally a Linear Fractional Transformation (LFT)^2 in ω (or^1_ω ), that is in this special case, a rational function of ω (or^1_ω ). The analysis of the so-called LFT system was intensively investigated in the field of robust control (see e.g. [ZDG95, LZD96, SG98]. In contrast with the continuous time case, discrete time transfer functions can not be directly written as an LFT (that is a rational function) of ω (or^1_ω ). This straightforward remark is in fact the fundamental motivation of our choice.

Nevertheless, using the classical bilinear transformation (see e.g. [DV75, RG75b]) between both continuous time formulation and discrete time formulation, our presented approach allows to design discrete time filters: an application to the FIR filter design is developed in section 5.2.

Paper outline. The paper is organized as follows. The problem under consideration is presented in the section 2. For the sake of clearness, a simplified magnitude constraint filter design is considered. In section 3, a simplified version of the main result is presented: this problem can be recast as a finite dimensional convex optimization problem involving LMI constraints. The general case is then considered in section 4. Numerical applications are developed in the section 5: design of an H_∞ weighting function and design of a FIR filter. Finally, some concluding remarks are made about the approach.

2LFT is formally defined in the sequel.

Notations I_r and 0_r denotes the identity matrix and the zero matrices of R^{r×r}, with I_0 (or 0_0) empty. The subscript is omitted when it is evident from the context. For a real symmetric (complex hermitian) matrix P , P > 0 denotes that P is definite positive.

We now introduce the notation currently used in μ analysis, but not so used in other fields. This notation allows to dramatically simplify problem formulation.

A B C D

Δ w z y u

Figure 1: Linear Fractional Transformation

Linear Fractional Transformation A rational function in δ can be expressed as a Linear Fractional Transformation (LFT), that is, as D + CΔ(I − AΔ)^{−1}B with Δ = δI and A, B, C, D are matrices of convenient size. An LFT can be denoted: Δ ⋆ [ A B C D ]

where ⋆ denote the Redheffer star product which is defined in the sequel [ZDG95]. Note that, in the case of a continuous time transfer function (that is a function which is rational in^1_s ), the LFT boils down to the usual state space representation (A, B, C, D):

D + C(sI − A)^{−1}B =^1_s I ⋆ [ A B C D ]

A similar remark can be made in the case of discrete time transfer function: D + C(zI − A)^{−1}B = z^{−1}I ⋆ [ A B C D ]

Redheffer Star Product The Redheffer star product can be defined as [ A_1 B_1 C_1 D_1 ] ⋆ [ A_2 B_2 C_2 D_2 ] = [ A_1 + B_1A_2(I − D_1A_2)^{−1}C_1 B_1(I − A_2D_1)^{−1}B_2 C_2(I − D_1A_2)^{−1}C_1 D_2 + C_2D_1(I − A_2D_1)^{−1}B_2 ]

This operation is well-defined if (I − D_1A_2) and (I − A_2D_1) are invertible.

LFT Product

Δ ⋆ [ A_1 B_1 C_1 D_1 ] × Δ ⋆ [ A_2 B_2 C_2 D_2 ] = [ Δ 0 0 Δ ] ⋆ A_1 B_1C_2 B_1D_2 0 A_2 B_2 C_1 D_1C_2 D_1D_2

LFT stacking Δ ⋆ [ A_1 B_1 C_1 D_1 ]

Δ ⋆ [ A_2 B_2 C_2 D_2 ] = [ Δ 0 0 Δ ] ⋆ A_1 0 B_1 0 A_2 B_2 C_1 0 D_1 0 C_2 D_2

2 Problem statement

Our purpose is to design a fixed order filter whose magnitude is upper (respectively lower) bounded on different N_u (resp. N_l) frequency sub open intervals by different frequency dependent rational functions.

Let us denote the considered N_u open sub interval as Ω^u_1 , · · · , Ω^u_{Nu} . Let us introduce the positive frequency dependent functions U_i(ω) which are defined on the sub interval Ω^u_i . In the same way, let us denote the N_l open sub interval as Ω^l_1, · · · , Ω^l_{Nl} . Let us introduce the positive frequency dependent functions L_j (ω) defined on the sub interval Ω^l_j . Furthermore, for all i and j such that Ω^u_i ⋂ Ω^l_j ≠ ∅, for all ω ∈ Ω^u_i ⋂ Ω^l_j , L_j (ω) < U_i(ω), that is, lower and upper constraints are consistent.

In the sequel, the upper and lower bound functions L_j (ω) and U_i(ω) are assumed to be rational (including polynomial functions). This assumption is rather mild due to the special interest of this class of functions in the approximation theory. The important interest of rational functions is that they can be written as a Linear Fractional Transformation [ZDG95] of the variable ω or of the variable^1_ω , that is, there exist matrices A^u_i , B^u_i , C^u_i , D^u_i , A^l_j, B^l_j, C^l_j et D^l_j such that:

∀ω ∈ Ω^u_i , U_i(ω) = D^u_i + C^u_i Δ_i(ω)(I − A^u_i Δ_i(ω))^{−1}B^u_i

∀ω ∈ Ω^l_j , L_j (ω) = D^l_j + C^l_j Δ_j(ω)(I − A^l_j Δ_j (ω))^{−1}B^l_j (1) with Δ_i(ω) = ωI or Δ_i(ω) =^1_ω I and Δ_j (ω) = ωI or Δ_j (ω) =^1_ω I. Furthermore, this rational functions are assumed well-posed, that is, ∀ω ∈ Ω^u_i , the matrix I − A^u_i Δ_i(ω) is invertible and ∀ω ∈ Ω^l_i, the matrix I − A^l_iΔ_i(ω) is invertible.

We now present the problem under consideration.

General problem formulation Given

1. N_u upper bounds U_i(ω) defined on sub intervals Ω^u_i defined as above;

2. N_l upper bounds L_j (ω) defined on sub intervals Ω^l_j defined as above;

3. a positive integer n

find if there exists a minimum phase proper stable filter F of order bounded by n such that : { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)| < U_i(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j , L_j(ω) < |F (jω)| (2) and compute it.

Remark For the sake of simplicity, we assume that the numerator order is smaller than the denominator one. Nevertheless, in your approach, if necessary, the numerator order of the filter F can be fixed to any arbitrary value.

Special functions of interest are power functions, that is, functions of the form:

U_i(ω) = E^u_i ω^{Kui} and L_j(ω) = E^l_j ω^{Klj} (3)

where E^u_i , E^l_j are real positive and K^u_i , K^l_j are integer. In this special case, when magnitudes are expressed in dB, condition (2) boils down to: { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)|_{dB} < 20 log_{10}(E^u_i ) + 20K^u_i log_{10}(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j , 20 log_{10}(E^l_j ) + 20K^l_j log_{10}(ω) < |F (jω)|_{dB} (4) Remark In this case, we can be formulated the bound functions as an LFT in ω or in^1_ω , indeed with K > 0

Eω^K = ωI_K ⋆ 0 1 0 0 0 . . ... ... 0 . . . . ... ... 1 0 0 . . . . . . 0 1 E 0 . . . 0 0 or Eω^{−K} = 1 ω I_K ⋆ 0 1 0 0 0 . . ... ... 0 . . . . ... ... 1 0 0 . . . . . . 0 1 E 0 . . . 0 0

As an example, a set of constraints are given in the table 1 (see also figure 2).

Figure 2: Example of constraint

Upper bound functions Lower bound functions U_1(ω) = 3.4ω defined on (0.002, 0.0965) L_1(ω) = 0.97ω defined on (0.01, 0.1) U_2(ω) = 0.0267 defined on (8.9189, 10.14) L_2(ω) = 1.0212 defined on (0.8244, 1.19) U_3(ω) = 1.9440 defined on (0.2, 978) L_3(ω) = 1.0212 defined on (130, 958)

Table 1: An example of set of upper and lower bound functions

Remark As a matter of fact, conditions (4) allow to recover classical (constant) constraint specifications (see e.g. [OS75], see also section 5.2) and by a priori setting the filter F poles. This point is of interest in some cases [OS75]. Actually, our approach can be simplified in order to handle this case.

Particular problem formulation Given

1. N_u upper bounds U_i(ω) defined on sub intervals Ω^u_i defined as above;

2. N_l upper bounds L_j (ω) defined on sub intervals Ω^l_j defined as above;

3. a set of n stable poles p_i find if there exists a proper stable minimum phase filter F with the fixed poles such that : { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)| < U_i(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j , L_j(ω) < |F (jω)| (5) and compute it.

The FIR filter design can be formulated as a special case of the Particular problem formulation. For details, see subsection 5.2.

Discussion In the problem formulation (see e.g. conditions 2), the decision variable is the filter transfer function F (jω). Note that, using spectral factorization, an equivalent problem is to consider as decision variable |F (jω)|. With this change of variable, conditions (2) are linear thus convex constraints in the decision variable. Under this suitable change of variable, solving the General problem formulation is a convex optimization problem but infinite dimensional. As the constraints depend on ω, the number of constraints is infinite. Furthermore, as the decision variable is a real rational function, the decision variable is in an infinite dimensional space. In the Particular problem formulation, the problem is only a semi infinite (so called SIP) since in this case the number of decision variables is finite. This case correspond for instance to the FIR design.

In the sequel, we prove that both problems can be equivalently formulated as finite dimensional optimization problems involving Linear Matrix Inequalities constraints. In this formulation, the number of variables and the number of constraints are finite, that is, the solution can be readily computed using standard LMI optimization toolboxes [GNLC95], without any approximation.

For the sake of clearness, we first present our solution in a special case.

3 Main result: simplified formulation

One upper bound constraint (N_u = 1) on the frequency domain interval Ω = (ω; ω) is considered and denoted in the sequel U(ω). Note that the subscripts are dropped. There is no lower bound constraint (N_l = 0). To sum up, find F (jω) such that:

for all ω ∈ Ω, |F (jω)| < U(ω) (6)

In the two following subsections, our solution is presented. In the section 4, the proposed solution is straightforwardly extended to the general case (that is, several upper and lower constraints on different frequency intervals).

3.1 Semi infinite dimensional formulation

Note that the filter F has to satisfy a set of constraints involving the magnitude of F , |F (jω)|. As a consequence, the real variable is |F (jω)|. We first propose a process which allows to compute (if it exists) |F (jω)| satisfying constraints (2). Using standard results on spectral factorization [Fra87], a stable minimum phase transfer F can be then computed.

In the sequel, the filter F is factorized as follows: F (jω) = N(jω) D(jω) . Several factorizations are possible. For instance, N(jω) and D(jω) can be selected as: (coprime) polynomial factors or coprime (rational) factors. In the sequel, without loss of generality, we focus on the first case. With this factorization, condition (6) is equivalent to the following condition: |N(jω)| < |D(jω)|U(ω) (7) Note that equation (6) is affine in |F (jω)| but to get a finite number of decision variables, we need to set the poles of F , which is conservative. With the previous factorization and with the new variables |N(jω)| and |D(jω)|, the formulation (7) which is equivalent to (6), is still affine in the decision variables |N(jω)| and |D(jω)|. By introducing a suitable parameterization of N and D, we are able to generate all the possible transfers F of order n. Using these ideas, we derive the following lemma.

Lemma 3.1 Let U(ω) be an upper bound magnitude specification defined on Ω and let n be a positive integer. Let us introduced the following polynomial column base B(jω) = [ (jω)^n (jω)^{n−1} · · · jω 1 ]_T (8) The two following propositions are equivalent:

(i) There exists a stable, minimum phase, F (jω) filter of order bounded by n such that:

for all ω ∈ Ω, |F (jω)| < U(ω) (9)

(ii) There exist X_N and X_D symmetric matrices in R^{(n+1)×(n+1)} such that:

for all ω ∈ Ω, [ B(jω)U(ω) B(jω) ]∗ [ −X_D 0 0 X_N ] [ B(jω)U(ω) B(jω) ] < 0 (10)

for all ω ∈ [0, +∞), B(jω)^∗X_N B(jω) > 0 and B(jω)^∗X_DB(jω) > 0 (11)

Moreover, if there exist X_N and X_D satisfying conditions (10) and (11), the solution F satisfying condition (9) is given by F (jω) =^{N(jω)}_{D(jω)} with N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) and D(jω)^∗D(jω) = B(jω)^∗X_DB(jω) (12) Proof See the proof in appendix, section A.

Sketch of the proof The underlying idea relies on the (finite dimensional) parameterization of (all) the squared magnitude functions |N(jω)|^2 and |D(jω)|^2 given by conditions (12). Note that the constraint (7) can be equivalently rewritten as: N(jω)^∗N(jω) < U(ω)^∗D(jω)^∗D(jω)U(ω). Condition (10) is thus obtained by replacing |N(jω)| and |D(jω)| by their parameterization. Furthermore, conditions (11) ensure that the obtained squared magnitudes are positive.

Remark Independently of the denominator order (polynomial D(p) order), we can enforce the numerator order (polynomial N(p) order) by setting to zero suitable lines and suitable columns of X_N .

In this section, we present a parameterization of the to-be-obtained filter which is linear and finite dimensional. Nevertheless, the obtained conditions in Lemma 3.1 must be satisfied for frequency intervals, that is, they are an infinite number of inequalities. In the next section, we propose an equivalent formulation where the number of (Linear Matrix) inequalities is finite.

3.2 Equivalent finite dimensional formulation

The previously considered polynomial vector B(jω) = [ (jω)^n (jω)^{n−1} · · · jω 1 ]_T can be easily formulated as an LFT in jω, that is, B(jω) = D_b + C_bjω(I − jωA_b)^{−1}B_b with

A_b = 0 · · · · · · 0 1 · · · 0 . . 0 . .. . . . . 0 · · · 1 0

, B_b = 1 0 . . 0 , C_b = 0 · · · · · · 1 0 · · · 1 0 1 · · · . . . . 0 · · · · · · 0 , D_b = 0 . . 0 1 .

Theorem 3.1 Let U(ω) = D_u +C_uΔ(ω)(I −Δ(ω)A_u)^{−1}B_u, with Δ(ω) = ωI or Δ(ω) =^1_ω I be an upper bound magnitude specification defined on Ω and let n be a positive integer. Let us introduced the following polynomial column base defined by (8). Let be (A, B, C, D) complex matrices defined as:

∀δ ∈ (0, ∞), δ ⋆ [ A B C D ] = δ ⋆ T_Ω ⋆ [ jA_b jB_b C_b D_b ] × δ ⋆ ~T_Ω ⋆ [ A_u B_u C_u D_u ]

δ ⋆ T_Ω ⋆ [ jA_b jB_b C_b D_b ]

with

T_Ω = [ −ωI (ω − ω)I ωI ωI ]

and if Δ(ω) = ωI, ~T_Ω = T_Ω

if Δ(ω) =^1_ω I, ~T_Ω = −ωI (1 −^ω )I I (^1_ω )I The two following propositions are equivalent:

(i) There exists a stable, minimum phase, F (jω) filter of order bounded by n such that:

for all ω ∈ Ω, |F (jω)| < U(ω) (13)

(ii) There exist X_N and X_D symmetric matrices in R^{(n+1)×(n+1)} such that there exist two symmetric matrices P_N and P_D and a complex matrix P such that: [ C^T_b D^T_b ] X_N [ C_b D_b ] + [ A^T_b P_N + P_N A P_N B_b B^T_b P_N 0 ] > 0 (14) [ C^T_b D^T_b ] X_D [ C_b D_b ] + [ A^T_b P_D + P_DA P_DB_b B^T_b P_D 0 ] > 0 (15)

P + P^∗ > 0 [ C^∗ D^∗ ] [ −X_D 0 0 X_N ] [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 (16)

Moreover, if there exist X_N and X_D satisfying conditions (14), (15) and (16), the solution F satisfying condition (13) is given by F (jω) =^{N(jω)}_{D(jω)} with N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) and D(jω)^∗D(jω) = B(jω)^∗X_DB(jω) (17) Proof See the proof in appendix, section C.

Computation Note that satisfying proposition (ii) conditions of Theorem 3.1 reduces to solving a convex, finite-dimensional optimization problem involving complex Linear Matrix Inequality (LMI) constraints. It is equivalent to an optimization problem over twice as big real LMI constraints [BE93]. As a matter of fact, this latter is a standard LMI optimization problem (actually a feasibility problem, see e.g. [BEFB94]) which can be efficiently solved^3 using standard (Matlab) solvers asthe free ware code SP [VB96] and its Matlab/Scilab interface LMITOOL [END95], or the available commercial Matlab Toolbox, LMI Control Toolbox [GNLC95]. See sections 5.1 or 5.2 for numerical applications.

Interpretation The most sticking fact is that the infinite number of inequalities (10), (11) of Lemma 3.1 are replaced by a finite set of inequalities. To this purpose, Theorem 3.1 is based on an extension of the Kalman Yakubovich Popov (KYP) lemma [Pop73]. Remember that, given a real rational transfer function H(jω) = D+C(jωI −A)^{−1}B, this lemma claims that testing that ∀ω, H(jω) + H(jω)^∗ > 0 is equivalent to finding a symmetric matrix P such that : [ A^T P + P A P B + C B^T P + C^T D + D^T ] > 0. Actually, this classical lemma allows to replace an infinite number of inequalities by one (matrix) inequality by introducing an additional decision variable P . Note that the transfer function H(jω) is an LFT of^1_{jω} and that the frequency dependent inequality has to be satisfied for any ω. In our problem, the frequency dependent functions can be expressed as LFTs of ω or^1_ω with ω in a bounded interval. Thus the KYP lemma can not be applied. But a suitable change of variable, called loop-shifting [DV75], these functions are expressed as LFT of δ, with δ ∈ (0, +∞). Actually, the KYP lemma can be extended to the case of LFTs of a real (positive) parameter δ. We thus obtain the following lemma.

Lemma 3.2 Let us consider ϕ(δ) = D + Cδ(I − δA)^{−1}B a well-posed rational function where A, B, C and D are complex matrices and let M be an hermitian matrix. The two following propositions are then equivalent. (i) ∀δ ∈ (0, +∞), Φ^∗(δ)MΦ(δ) < 0 (18)

(ii) There exists a complex matrix P such that P + P^∗ > 0 and: [ C^∗ D^∗ ] M [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 (19)

3in polynomial time

Proof: See the proof in appendix, section B.

A direct application of this theorem allows to get conditions (15), (14) and (16). Indeed, conditions (15) and (14) are equivalent to conditions (11). In addition, condition (16) is equivalent to condition (10).

4 Main result: general formulation

We consider the general problem formulation with N_u upper bound constraint and N_l lower bound constraint. We first present the solution when the filter poles are free. This solution is then specialized to the case when the filter poles are set.

4.1 General problem formulation

Theorem 4.1 Let us defined an upper and lower bound magnitude specification set defined as for all i ∈ {1, · · · , N_u}, ∀ω ∈ Ω^u_i , U_i(ω) = D^u_i + C^u_i Δ^u_i (ω)(I − A^u_i Δ^u_i (ω))^{−1}B^u_i

for all j ∈ {1, · · · , N_l}, ∀ω ∈ Ω^l_j , L_j (ω) = D^l_j + C^l_jΔ^l_j (ω)(I − A^l_j Δ^l_j(ω))^{−1}B^l_j

with Δ^u_i (ω) = ωI or Δ^u_i (ω) =^1_ω I and Δ^l_j (ω) = ωI or Δ^l_j (ω) =^1_ω I. Let n be a positive integer. Let us introduced the following polynomial column base defined by (8). Let be (A_i, B_i, C_i, D_i) complex matrices defined as: for all i ∈ {1, · · · , N_u},

∀δ ∈ (0, +∞), δ ⋆ [ A_i B_i C_i D_i ] = δ ⋆ T_Ωu_i ⋆ [ jA_b jB_b C_b D_b ] × δ ⋆ ~T_Ωu_i ⋆ [ A^u_i B^u_i C^u_i D^u_i ]

δ ⋆ T_Ωu_i ⋆ [ jA_b jB_b C_b D_b ]

with Ω^u_i = (ω_i, ω_i)

T_Ωu_i = [ −ω_iI (ω_i − ω_i)I ω_iI ω_iI ]

and if Δ^u_i (ω) = ωI, ~T_Ωu_i = T_Ωu_i

if Δ^u_i =^1_ω I, ~T_Ωu_i = −ω_iI (1 −^{ωi}_{ωi} )I I (^1_{ωi} )I

In addition, let be (A_j , B_j, C_j, D_j) complex matrices defined as: for all j ∈ {1, · · · , N_l},

∀δ ∈ (0, +∞), δ ⋆ [ A_j B_j C_j D_j ] = δ ⋆ T_Ωl_j ⋆ [ jA_b jB_b C_b D_b ] × δ ⋆ ~T_Ωl_j ⋆ [ A^l_j B^l_j C^l_j D^l_j ]

δ ⋆ T_Ωl_j ⋆ [ jA_b jB_b C_b D_b ]

with Ω^l_j = (ω_j, ω_j)

T_Ωl_j = [ −ω_j I (ω_j − ω_j )I ω_j I ω_j I ]

and if Δ^l_j (ω) = ωI, ~T_Ωl_j = T_Ωl_j

if Δ^l_j =^1_ω I, ~T_Ωl_j = −ω_j I (1 −^{ωj}_{ωj} )I I (^1_{ωj} )I

The two following propositions are then equivalent.

(i) There exists a minimum phase proper stable filter F of order bounded by n such that: { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)| < U_i(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j , L_j (ω) < |F (jω)| (20)

(ii) There exist X_N and X_D symmetric matrices in R^{(n+1)×(n+1)} such that there exist two symmetric matrices P_N and P_D, N_u complex matrices P^u_i and N_l complex matrices P^l_j such that: [ C^T_b D^T_b ] X_N [ C_b D_b ] + [ A^T_b P_N + P_N A P_N B_b B^T_b P_N 0 ] > 0 (21) [ C^T_b D^T_b ] X_D [ C_b D_b ] + [ A^T_b P_D + P_DA P_DB_b B^T_b P_D 0 ] > 0 (22)

∀i, P^u_i + P^u_i^∗ > 0, [ C^∗_i D^∗_i ] [ −X_D 0 0 X_N ] [ C_i D_i ] + [ A^∗_i P^u_i^∗ + P^u_i A_i P^u_i B_i B^∗_i P^u_i^∗ 0 ] < 0(23)

∀j, P^l_j + P^l_j^∗ > 0, [ C^∗_j D^∗_j ] [ X_D 0 0 −X_N ] [ C_j D_j ] + [ A^∗_j P^l_j^∗ + P^l_j A_j P^l_j B_j B^∗_j P^l_j^∗ 0 ] < 0(24)

Moreover, if there exist X_N and X_D satisfying conditions (21), (22), (23) and (24), the solution F of the General problem formulation is given by F (jω) =^{N(jω)}_{D(jω)} with N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) and D(jω)^∗D(jω) = B(jω)^∗X_DB(jω) (25) Proof Note that when several upper and lower bounds are considered, the corresponding problem formulation is obtained by adding the corresponding conditions. As a consequence, this Theorem can be readily proved by a slight modification of Theorem 3.1 proof.

Computation The comments on the Theorem 3.1 condition computation still hold for Theorem 4.1.

4.2 Particular problem formulation

In the case when the filter poles are a priori set, Theorem 4.1 has to be slightly adapted. First, we consider a different vector B(jω): B(jω) = [ 1 (jω) − p_1 1 (jω) − p_2 · · · 1 (jω) − p_n 1 ]_T . It can be easily formulated as an LFT in^1_{jω} , that is, B(jω) = D_b + C_bjω(I − jωA_b)^{−1}B_b with

A_b = p_1 0 · · · 0 0 ... . .. . . . . ... . .. 0 0 · · · 0 p_n , B_b = 1 1 . . 1 , C_b =

1 0 · · · 0 0 ... ... . . 0 ... 1 0 0 · · · 0 0

, D_b = 0 . . 0 1 .

Theorem 4.2 Let us defined an upper and lower bound magnitude specification set defined as for all i ∈ {1, · · · , N_u}, ∀ω ∈ Ω^u_i , U_i(ω) = D^u_i + C^u_i Δ^u_i (ω)(I − A^u_i Δ^u_i (ω))^{−1}B^u_i

for all j ∈ {1, · · · , N_l}, ∀ω ∈ Ω^l_j , L_j (ω) = D^l_j + C^l_jΔ^l_j (ω)(I − A^l_j Δ^l_j(ω))^{−1}B^l_j

with Δ^u_i (ω) = ωI or Δ^u_i (ω) =^1_ω I and Δ^l_j (ω) = ωI or Δ^l_j (ω) =^1_ω I. Let n be a positive integer. Let us introduced the following polynomial column base defined by (8). Let be (A_i, B_i, C_i, D_i) complex matrices defined as: for all i ∈ {1, · · · , N_u},

∀δ ∈ (0, +∞), δ ⋆ [ A_i B_i C_i D_i ] = δ ⋆ ~T_Ωu_i ⋆ [ A^u_i B^u_i C^u_i D^u_i ]

δ ⋆ T_Ωu_i ⋆ [ jA_b jB_b C_b D_b ] with Ω^u_i = (ω_i, ω_i)

T_Ωu_i = −ω_iI (1 −^{ωi}_{ωi} )I I (^1_{ωi} )I and if Δ^u_i (ω) = ωI, ~T_Ωu_i = [ −ω_iI (ω_i − ω_i)I ω_iI ω_iI ]

if Δ^u_i =^1_ω I, ~T_Ωu_i = T_Ωu_i In addition, let be (A_j , B_j, C_j, D_j) complex matrices defined as: for all j ∈ {1, · · · , N_l},

∀δ ∈ (0, ∞), δ ⋆ [ A_j B_j C_j D_j ] = δ ⋆ ~T_Ωl_j ⋆ [ A^l_j B^l_j C^l_j D^l_j ]

δ ⋆ T_Ωl_j ⋆ [ jA_b jB_b C_b D_b ]

with Ω^l_j = (ω_j, ω_j)

T_Ωl_j = −ω_j I (1 −^{ωj}_{ωj} )I I (^1_{ωj} )I and if Δ^l_j (ω) = ωI, ~T_Ωl_j = [ −ω_j I (ω_j − ω_j)I ω_jI ω_j I ]

if Δ^l_j =^1_ω I, ~T_Ωl_j = T_Ωl_j

The two following propositions are then equivalent.

(i) There exists a minimum phase proper stable filter F of order bounded by n, with poles p_i, i ∈ {1, · · · , n} such that: { for all i ∈ {1, · · · , N_u}, for all ω ∈ Ω^u_i , |F (jω)| < U_i(ω) for all j ∈ {1, · · · , N_l}, for all ω ∈ Ω^l_j , L_j (ω) < |F (jω)| (26)

(ii) There exist X a symmetric matrices in R^{(n+1)×(n+1)} such that there exist a symmetric matrix P , N_u complex matrices P^u_i and N_l complex matrices P^l_j such that: [ C^T_b D^T_b ] X [ C_b D_b ] + [ A^T_b P + P A_b P B_b B^T_b P 0 ] > 0 (27)

∀i, P^u_i + P^u_i^∗ > 0, [ C^∗_i D^∗_i ] [ −1 0 0 X ] [ C_i D_i ] + [ A^∗_i P^u_i^∗ + P^u_i A_i P^u_i B_i B^∗_i P^u_i^∗ 0 ] < 0(28)

∀j, P^l_j + P^l_j^∗ > 0, [ C^∗_j D^∗_j ] [ 1 0 0 −X ] [ C_j D_j ] + [ A^∗_j P^l_j^∗ + P^l_j A_j P^l_j B_j B^∗_j P^l_j^∗ 0 ] < 0(29)

Moreover, if the previous conditions are satisfied, the solution F of the Particular problem formulation is given by F (jω) = B(jω)^∗XB(jω).

Proof This Theorem can be proved by a slight modification of Theorem 4.1.

In the subsection 5.2, this Theorem is adapted in order to design FIR filters.

5 Applications

5.1 H_∞ weighting function design

For this numerical application, a Matlab 6 based program handling arbitrary numbers of upper and lower constraints of the form (3) was developed. The optimization problems are solved using the Matlab toolbox, LMI Control Toolbox [GNLC95].

We want to find a weighting function W whose magnitude satisfies upper and lower constraints given in table 1 (see also figure 2). Consider a system G(p) controlled by a one

G(p) K(p) + − r y ϵ

Figure 3: Plant G(p) with the control law K(p)

degree of freedom control law K(p) (see figure 3). We want to design a control law ensuring that the closed loop system output y is able to track with a small error, step and sinusoïdal reference signals r. Such a property is obtained if the function transfer from the input r to the tracking error ϵ = r − y has its magnitude bounded by a weighting function magnitude satisfying the considered set of constraints.

By applying our approach, we obtain a 3^d order filter W :

W (s) =

1.1367(s + 0.002689)(s^2 + 0.1976s + 90.44) (s + 53.38)(s^2 + 1.494s + 1.391) . Our programme was unable to compute a 2^d order filter. As a consequence, there does not exist a 2^d order filter that meets the specification.

Figure 4: H_∞ weighting function

5.2 (FIR) discrete time filter design

Lowpass filter design

A finite impulse response (FIR) filter is defined as: H(ω) = n−1∑ i=0 h(i)e^{−jω}. We consider the classical lowpass filter design problem (see figure 5). For a given order n − 1, lowpass filter H(ω) has to ensure:

1. a given passband ripple specification, that is, given a passband frequency ω_p and a given strictly positive α: α^{−1} ≤ |H(ω)| ≤ α, ω ∈ (0, ω_p)

2. a minimum stopband attenuation gain specification, that is, given a stopband frequency ω_s (ω_s > ω_p) and for the smallest positive maximum gain attenuation β: |H(ω)| ≤ β, ω ∈ (ω_s, π). To sum up, the corresponding optimization problem can be written as:

minimize β on β, h(i), subject to α^{−1} ≤ |H(ω)| ≤ α, ω ∈ (0, ω_p) |H(ω)| ≤ β, ω ∈ (ω_s, π) (30)

Remark Note that our approach allows to solve the Infinite Impulse Response (IIR) filter design. Nevertheless, due to the special interest of FIR filters in Signal Processing, we just focus on the FIR case.

ω_p ω_s π β α^{−1} α |H(ω)|

Frequency

Figure 5: Lowpass filter design specification

How to solve this problem using our approach? As a matter of fact, the main problem is that H(ω) is not a rational function of ω. Let us introduce the new variable ν such that: e^{−jω} = 2 − jν 2 + jν that is, ν = 2 tan (_ω 2 ) , which is the classical bilinear (ou tustin) transformation (see e.g. [DV75, RG75b]). Using this change of variable, the optimization problem (30) is then equivalent to the minimization problem

minimize β on β, h(i), subject to α^{−1} ≤ |H_c(ν)| ≤ α, ν ∈ (0, ν_p) |H_c(ν)| ≤ β, ν ∈ (ν_s, +∞) (31)

where ν_p = 2 tan (_{ωp} 2 ) , ν_s = 2 tan (_{ωs} 2 ) and

H_c(ν) = n−1∑ n=0 h(i) 2 − jν 2 + jν . (32)

In this problem, we have two upper bound constraints (N_u = 2) with

1. Ω^u_1 = (0, ν_p) and U_1(ν) = α;

2. Ω^u_2 = (ν_s, π) and U_1(ν) = β

and one lower bound constraint (N_l = 1) with Ω^l_1 = (0, ν_p) and L_1(ν) = α^{−1}.

Due to the special structure of H_c, a more interesting choice of B(jν) can be proposed: B(jν) = [ (_{2−jν} 2+jν )_n (_{2−jν} 2+jν )_{n−1} · · · 1 ]^T .

Using this choice, in order to obtain H_c(ν) with the structure (32), |H_c(ν)|^2 = B(jν)^∗XB(jν). Note that the previous choice, via spectral factorization, the new optimization variable X allows to generate all the FIR filters of order n. Let us denote (A_b, B_b, C_b, D_b) such that B(jν) = jν ⋆ [ A_b B_b C_b D_b ] . Theorem 4.1 is applied with:

T_Ωu_1 = [ −ν_pI −ν_pI ν_pI ν_pI ] and T_Ωu_2 = [ 0 I I ν_sI ] and T_Ωl_1 = T_Ωu_1 . Furthermore,

δ ⋆ [ A_1 B_1 C_1 D_1 ] = α δ ⋆ T_Ωu_1 ⋆ [ jA_b jB_b C_b D_b ]

δ ⋆ [ A_2 B_2 C_2 D_2 ] = 1 δ ⋆ T_Ωu_2 ⋆ [ jA_b jB_b C_b D_b ]

δ ⋆ [ A_1 B_1 C_1 D_1 ] = α^{−1} δ ⋆ T_Ωl_1 ⋆ [ jA_b jB_b C_b D_b ]

We thus obtain the following optimization problem:

minimize β^2 on β^2, X_N , P, P^u_1 , P^u_2 , P^u_l subject to

P = P^T , [ C^T_b D^T_b ] X [ C_b D_b ] + [ A^T_b P + P A_b P B_b B^T_b P 0 ] > 0

P^u_1 + P^u_1^∗ > 0, [ C^∗_1 D^∗_1 ] [ −1 0 0 X ] [ C_1 D_1 ] + [ A^∗_1P^u_1^∗ + P^u_1 A_1 P^u_1 B_1 B^∗_1P^u_1^∗ 0 ] < 0

P^u_2 + P^u_2^∗ > 0, [ C^∗_2 D^∗_2 ] [ −β^2 0 0 X ] [ C_2 D_2 ] + [ A^∗_2P^u_2^∗ + P^u_2 A_2 P^u_2 B_2 B^∗_2P^u_2^∗ 0 ] < 0

P^l_1 + P^l_1^∗ > 0, [ C^∗_1 D^∗_1 ] [ 1 0 0 −X ] [ C_1 D_1 ] + [ A^∗_1P^l_1^∗ + P^l_1A_1 P^l_1B_1 B^∗_1P^l_1^∗ 0 ] < 0 This problem is a convex optimization involving LMI constraints. In fact, it reduces to the minimization of a linear cost under LMI constraints [BEFB94], that is,

minimize c^T ξ on ξ subject to F (ξ) > 0

This problem can be solved using the Matlab toolbox, LMI Control Toolbox [GNLC95].

6 Conclusion

The proposed approach was presented in the case of the design of filters satisfying hard upper and lower magnitude bound. Nevertheless, note that this approach can be readily extended to the case of (all-pass) filter design satisfying phase constraints.

The salient features of the approach are that:

1. the problem is equivalently cast as a finite dimensional convex optimization problem involving Linear Matrix Inequality constraints, which can be efficiently solved using the available softwares;

2. the proposed formulation is really flexible, allowing to solve problems using a natural form;

3. no extra assumption of the obtained filter ( as the filter poles are fixed or the phase filter is linear) are introduced;

4. the minimum order filter satisfying upper and lower magnitude bounds is obtained.

References

[BE93] S. Boyd and L. El Ghaoui. Method of centers for minimizing generalized eigenvalues. Linear Algebra and Applications, special issue on Numerical Linear Algebra Methods in Control, Signals and Systems, 188:63–111, July 1993.

[BEFB94] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix Inequalities in System and Control Theory. Studies in Applied Mathematics. SIAM, Philadelphia, PA, June 1994.

[DGKF89] J.C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis. State-space solutions to standard H_2 and H_∞ control problems. IEEE Trans. Aut. Control, 34(8):831–847, august 1989.

[DV75] C. A. Desoer and M. Vidyasagar. Feedback Systems: Input-Output Properties. Academic Press, New York, 1975.

[END95] L. El Ghaoui, R. Nikoukhah, and F. Delebecque. LMITOOL: A front-end for LMI optimization, user’s guide, February 1995. Available via anonymous ftp to ftp.ensta.fr, under /pub/elghaoui/lmitool.

[FD94] S. Font and G. Duc. H_∞ control of an electromechanical drive with nonlinearities using a multiblock-criterion. Control Engineering Practice, 2(6):1019–1030, 1994.

[FFDM96] G. Ferreres, V. Fromion, G. Duc, and M. M’Saad. Non-conservative robustness evaluation of a multivariable H_∞ missile autopilot. Int. J. Robust and Nonlinear Control, 6(8):743–769, June 1996.

[Fon95] S. Font. Méthodologie pour prendre en compte la robustesse des systèmes asservis: optimisation H_∞ et approche symbolique de la forme standard. PhD thesis, Université Paris XI Orsay, France, 1995.

[Fra87] B. A. Francis. A Course in H^∞ Control Theory. Springer Verlag, NY, 1987.

[Fro95] V. Fromion. Une approche incrémentale de la robustesse non linéaire; application au domaine de l’aéronautique. PhD thesis, Université de Paris Sud Orsay, January 1995.

[FSF99] V. Fromion, G. Scorletti, and G. Ferreres. Nonlinear performance of a PID controlled missile: a simple explanation. Int. J. Robust and Nonlinear Control, (9):485–518, 1999.

[FTD91] M. K. H. Fan, A. L. Tits, and J. C. Doyle. Robustness in the presence of mixed parametric uncertainty and unmodeled dynamics. IEEE Trans. Aut. Control, 36(1):25– 38, Jan 1991.

[GNLC95] P. Gahinet, A. Nemirovsky, A. L. Laub, and M. Chilali. LMI Control Toolbox. The Mathworks Inc., 1995.

[GPR99] S. Görner, A. Potchinkov, and R. Reemtsen. The direct solution of nonconvex nonlinear fir filter design problems by a sip method. submitted, 1999.

[Jaker] V.A. Jakubovic̆. The S-procedure in nonlinear control theory. Vestnik Leningrad Univ. (russian) Vestnik Leningrad Univ. Math. (amer.), 4 (amer.)(1 (russian)), 1971 (russian) 1977 (amer.).

[LSC94] J.H. Ly, M.G. Safonov, and R.Y. Chiang. Real / complex multivariable stability margin computation via generalized popov multiplier - LMI approach. In Proc. American Control Conf., 1994.

[LZD96] W. M. Lu, K. Zhou, and J. C. Doyle. Stabilization of LFT systems. IEEE Trans. Aut. Control, pages 50–65, January 1996.

[OS75] A.V. Oppenheim and R.W. Schafer, editors. Digital Signal Processing. Prentice- Hall,inc., Englewood Cliffs, New Jersey, 1975.

[PC72] T.W. Parks and J.H. Mc Clellan. Chebyshev approximation for non recursive digital filters with linear phase. IEEE Trans. Circuit Theory, CT-19:189–194, March 1972.

[PC74] T.W. Parks and J.H. Mc Clellan. A program for the design of linear phase finite impulse response digital filters. IEEE Trans. Acoustics, Speech and Signal Processing, AU-21:195–199, August 1974.

[Pop73] V. M. Popov. Hyperstability of Control Systems. Springer-Verlag, New York, 1973.

[RG75a] L. Rabiner and B. Gold. Theory and Application of Digital Signal Processing. Prentice- Hall, 1975.

[RG75b] L.R. Rabiner and B. Gold, editors. Theory and application of Digital Signal Processing. Prentice-Hall,inc., Englewood Cliffs, New Jersey, 1975.

[SG98] G. Scorletti and L. El Ghaoui. Improved LMI conditions for gain scheduling and related problems. Int. J. Robust and Nonlinear Control, 8(10):845–877, August 1998.

[SPK92] K. Steiglitz, T. W. Parks, and J. F. Kaiser. METEOR: A constraint-based FIR filter design program. IEEE Transactions on Signal Processing, 40(8):1901, 1992.

[VB96] L. Vandenberghe and S. Boyd. Semidefinite programming. SIAM Review, 38(1):49–95, March 1996.

[WBV96] S.-P. Wu, S. Boyd, and L. Vandenberghe. FIR filter design via semidefinite programming and spectral factorization. In Proc. IEEE Conf. on Decision and Control, pages 271–276, 1996.

[Wu97] S.P. Wu. Max-det Programming with Applications in Magnitude. PhD thesis, Standford University, December 1997.

[Zam81] G. Zames. Feedback and optimal sensitivity: Model reference transformations, multiplicative seminorms, and approximate inverses. IEEE Trans. Aut. Control, AC- 26(2):301–320, April 1981.

[ZDG95] K. Zhou, J.C. Doyle, and K. Glover. Robust and Optimal Control. Prentice Hall, New Jersey, 1995.

A Proof of Lemma 3.1 (i) ⇒ (ii) Let us rewrite the filter transfer function F as F (jω) =^{N(jω)}_{D(jω)} where N(jω) and D(jω) are two polynomials of order p and of order n with n ≥ p, that is:

N(jω) = b_p(jω)^p + b_{p−1}(jω)^{p−1} + . . . + b_1jω + b_0 (33) D(jω) = a_n(jω)^n + a_{n−1}(jω)^{n−1} + . . . + a_1jω + a_0 (34)

Consider the polynomial base B(jω) of order n defined in (8). Equations (33) and (34) can be written as: N(jω) = [ 0 . . . 0 b_p . . . b_0 ] B(jω) (35) D(jω) = [ a_n . . . . . . . . . a_0 ] B(jω) (36)

It is then straightforward that by introducing X_N and X_D symmetric matrices in R^{(n+1)×(n+1)} such that

X_N = [ 0 . . . 0 b_p . . . b_0 ]_T [ 0 . . . 0 b_p . . . b_0 ] (37)

X_D = [ a_n . . . . . . . . . a_0 ]_T [ a_n . . . . . . . . . a_0 ] (38)

we have N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) > 0 (39) D(jω)^∗D(jω) = B(jω)^∗X_DB(jω) > 0 (40) Thus, we obtain conditions (11).

Furthermore, the following condition |F (jω)| < U(ω) (41) leads to =⇒ |N(jω)| < |D(jω)|U(ω) =⇒ N(jω)^∗N(jω) < U(ω)^∗D(jω)^∗D(jω)U(ω) =⇒ B(jω)^∗X_N B(jω) − U(ω)^∗B(jω)^∗X_DB(jω)U(ω) < 0 (from equations (39) and (40)). We thus obtain condition (10).

(ii) ⇒ (i) Let us consider X_N and X_D two real symmetric matrices such that conditions (11) hold. Using spectral factorization, there exist two Hurwitz polynomials N(jω) and D(jω) such that N(jω)^∗N(jω) = B(jω)^∗X_N B(jω) (42) D(jω)^∗D(jω) = B(jω)^∗X_DB(jω) (43) Furthermore, we assume that, in addition, X_N and X_D satisfy equation (10). [ B(jω)U(ω) U(ω) ]∗ [ −X_D 0 0 X_N ] [ B(jω)U(ω) U(ω) ] < 0 (44)

=⇒ B(jω)^∗X_N B(jω) − U(ω)^∗B(jω)^∗X_DB(jω)U(ω) < 0 =⇒ N(jω)^∗N(jω) < U(ω)^∗D(jω)^∗D(jω)U(ω) =⇒ |N(jω)| < |D(jω)|U(ω) So there exist a filter F (jω) = N(jω) D(jω) proper, stable and minimum phase such that condition (9) holds. QED B Proof of Lemma 3.2

(i) ⇒ (ii)

We now introduce the following LFT system: q = Ap + Bw z = Cp + Dw p = δq Let us assume that: ∀δ ∈ (0, +∞), Φ^∗(δ)MΦ(δ) < 0.

that is the property (i) is satisfied. Then ∀δ ∈ (0, +∞), ∀w ∈ C^{nw} , w^∗Φ^∗(δ)MΦ(δ)w < 0. This is equivalent to: ∀δ ∈ (0, +∞), ∀w ∈ C^{nw} , z^∗Mz < 0. (45) Furthermore, for any complex definite positive matrix P , the vectors p and q, such that p = δq, satisfy the following quadratic inequality:

q^∗P p + p^∗P^∗q ≥ 0 (46)

since q^∗P p + p^∗P^∗p = δq^∗(P + P^∗)q > 0 as δ > 0 and P definite positive.

The vectors q and z can be replace by their explicit expression in vectors p and w. The problem can thus be rewritten in the following way. All vectors x and w satisfying the constraint: [ p w ]∗ [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] [ p w ] ≥ 0, must also satisfy the inequality : [ p w ]∗ [ C^∗MC C^∗MD D^∗MC^∗ D^∗MD ] [ p w ] < 0. By applying S-procedure theorem [Jaker], this property holds if a positive scalar τ such as for all vectors p and w such that [ p w ]∗ [ τ(A^∗P^∗ + P A) + C^∗MC τP B + CMD τB^∗P^∗ + D^∗MC^∗ D^∗MD ] [ p w ] < 0. Thus by replacing τP by P , we can conclude that the property (i) holds if there is a complex defined positive matrix P such that: [ C^∗ D^∗ ] M [ C D ] + [ A^∗P^∗ + P A P B B^∗P^∗ 0 ] < 0 (47)

(ii) ⇒ (i) Let us assume that property (ii) holds, that is, that there exists a complex defined positive matrix P such that [ A^∗P^∗ + P A + C^∗MC P B + CMD B^∗P^∗ + D^∗MC^∗ D^∗MD ] < 0

This matrix inequality still holds after postmultiplication^4 by [ (δ^{−1}I − A)^{−1}B I ] and premultiplication by [ B^∗(δ^{−1}I − A^∗)^{−1} I ] . After some cumbersome calculations involving a square completion, we thus obtained the following equation:

Φ(δ)^∗MΦ(δ) < −δ^{−1}B^∗(δ^{−1}I − A^∗)^{−1}(P + P^∗)(δ^{−1}I − A)^{−1}B. (48)

As δ > 0 and P + P^∗ > 0, we thus obtained:

Φ(δ)^∗MΦ(δ) < 0. (49) QED C Proof of Theorem 3.1

From Lemma 3.1, there exists a stable minimum phase filter F (jω) of order bounded by n such that: ∀ω ∈ Ω, |F (jω)| < U(ω) if and only if there exist two real symmetric matrices X_N and X_D such that condition (11) and condition (10) hold. From the Kalman Yakubovic Popov Lemma, conditions (11) are equivalent to condition (14) and condition (15).

Note that in equation (10), the parameter ω is restricted to the bounded interval Ω = (ω, ω). In order to apply Lemma 3.1, we introduce a change of variable, called in the Automatic Control context loop-shifting [DV75]. The interest of such change of variable is to be written as an LFT. The new variable δ is defined in order that ω ∈ Ω ⇐⇒ δ ∈ (0, +∞). We straightforwardly obtain: ω = ω^{δ+ω}_{δ+ω} 1 ω =^1_ω^{δ+ω}_{δ+ω} ⇐⇒ ω = δ ⋆ T_Ω 1 ω = δ ⋆ ~T_Ω (50)

with T_Ω and ~T_Ω defined in Theorem 3.1. With this change of variable, equation (10) can be written as ∀δ ∈ (0, +∞), Φ(δ)^∗ [ −X_D 0 0 X_N ] Φ(δ) < 0 (51)

with Φ(δ) = δ ⋆ [ A B C D ]

with A, B, C and D complex matrices defined as in Theorem 3.1. From the Lemma 3.2, condition (16) is obtained from condition (51). QED 4This requires that the matrix (δ^{−1}I − A) is of full row.