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3. Mixture Model

« Definition, simulations

« Exemple of mixture : image processing

« Automatic parameters learning: the EM
principle

« Exercise : Gaussian mixture model




3. Mixture Model

In statistics, a mixture model is a probabilistic model for
representing the presence of subpopulations within an overall
population, without requiring that an observed data set should
identify the sub-population to which an individual observation
belongs.

Formally a mixture model corresponds to the mixture
distribution that represents the probability distribution of
observations in the overall population. However, while problems
associated with "mixture distributions” relate to deriving the
properties of the overall population from those of the sub-
populations, "mixture models” are used to make statistical
inferences about the properties of the sub-populations given
only observations on the pooled population, without sub-
population identity information.



https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Probabilistic_model
https://en.wikipedia.org/wiki/Subpopulation
https://en.wikipedia.org/wiki/Mixture_distribution
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Statistical_inference
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Question : How to draw a sample for a mixture ?
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Question : How to draw a sample for a
mixture ?

1. Sampling according to the a priori
proba to get the class number.

2. Sampling according to the
selected Gaussian.
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Question : How to draw a sample for a
mixture ?

1. Sampling according to the a priori
proba to get the class number.

2. Sampling according to the
selected Gaussian.

For a sample 3000 data
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Sir Ronald Fisher



https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Realization_(probability)
https://en.wikipedia.org/wiki/Statistical_parameter
https://en.wikipedia.org/wiki/Joint_probability_distribution
https://en.wikipedia.org/wiki/Parametric_family

3. Mixture Model

Mapping from the parameter space to the real line, the likelihood function
presents a peak, if it exists, which represents the combination of model parameter
values that maximize the probability of drawing the sample actually obtained.

The procedure for obtaining these arguments of the maximum of the likelihood
function is known as maximum likelihood estimation, which for computational
convenience is usually done using the natural logarithm of the likelihood, known as
the log-likelihood function.

Question: How to maximise ?


https://en.wikipedia.org/wiki/Parameter_space
https://en.wikipedia.org/wiki/Real_line
https://en.wikipedia.org/wiki/Arg_max
https://en.wikipedia.org/wiki/Maximum_likelihood_estimation
https://en.wikipedia.org/wiki/Natural_logarithm
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3. Mixture Model

Properties of the EM algorithm (not proven)

1. Construction of a series of estimators for which the
likelihood is increasing.

The likelihood is always increasing (this is a sufficient
condition to ensure the convergence of the EM algorithm).
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axima of likelihood since we have

eleux, G. and Govaert, G. (2003). Choosing

gorithm for getting the highest likelihood in
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-estimation formulas for




3. Mixture Model 19

The EM algorithm looks for a local maxima of the likelihood: it requires the
parameters to be initialized “not so far” from the true values.

Any idea to initialize parameters ?




3. Mixture Model

class 0
-; — class 1
£ 100 -
90 - /”/I- T T T T T T
n 1N 20 20 AN 5N 'Nal 10
% 301
©
£ 20 A
Loy
“ 10 1 T T T T T ! ! !
n 10 20 20 AN 50 &0 10
0.75 A
5 0.50 A
0.25 A
0 10 20 30 40 50 60 70

EM iterations

-130001 [

~13500

14000

~14500

15000 - o kelihoss
10 20 30 40 50 60 70

EM iterations




3. Mixture Model

—— class 0
—— class 1

% error

—
O
Pl
—
v

X

20 30 40
EM iterations

21



3. Mixture Model

—— Mixture at iter 69
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4. 2D Mixture Model

Margins, conditional laws,
empirical estimation of
paramters
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4. 2D Mixture Model

Decision boundary can be
complex!!!
(i.e. not always linear)
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Multi-class decision
boudaries
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Not seen!

« Variations about EM
GEM, CEM, SEM -- On-line EM , by O. Cappe
* Mixture of non-gaussian type:
M. of generalized hyperbolic distribution
M. of skew-normal distribution, M. of t-distribution
« Choosing the number of clusters via model selection criteria
BIC: Bayesian Information Criterion,
AlK: Akaike Information Criterion,
ICL: Integrated completed likelihood criterion

Biernacki, C., G. Celeux, and G. Govaert (2000). “Assessing a mixture model for clustering with
the integrated completed likelihood”. IEEe Trans. PAMI, Vol 22(7), pp. 719-725.



https://fr.wikipedia.org/wiki/Algorithme_esp%C3%A9rance-maximisation
https://arxiv.org/pdf/1011.1745.pdf
https://en.wikipedia.org/wiki/Bayesian_information_criterion
https://en.wikipedia.org/wiki/Akaike_information_criterion

