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Markov chain model
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Markov chain a temps et état discrets

0.3 Transition proba
from state 1 to
state 2

A Markov chain is a
stochastic model describing
a sequence of possible
events in which the
probability of each event
depends only on the state
attained in the previous
event.

0.6

Online accessible book: S. P. Meyn and R.L. Tweedie, 2005. Markov Chains and Stochastic Stability



http://probability.ca/MT/BOOK.pdf

A stochastic process has the Markov property if the
conditional probability distribution of future states of the

process depends only upon the present state, not on the
sequence of events that preceded it.



« Xn (state after n transitions)

» belongs to a finite set 2 = {1,..., K}
« X Is either given or random

« Markov property
(given the current state, the past doesn’t matter)

ti; = p(Xny1 = j|Xpn = 1)

@)Yy

The distribution of a homogeneous Markov chain is entirely
determined by its initial distribution and its transition matrix.




Example of state diagram

Labelling the state-space {1 = bull, 2 = bear, 3 = stagnant},
the transition matrix for this example is

0.9 0.075 0.025
t= (0.15 0.8 0.05 |
_025 025 05 _\ Stochastic matrix

Bear
market 0.8

0.05

The distribution over states can be written as a stothastic row
vector x with the relation x(n+1) = x(n ¢,

https://en.wikipedia.org/wiki/Markov_chain



Example of state diagram

(n43) _ o (n) 43

1.0 A1

0.8 A1

0.9 0.075 0.025] 061

t=10.15 0.8 0.05

0.2 1

IZCIS<O)=[O 1 O] 0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

23 =2 3 = [0.3575 0.56825 0.07425]

Program: MarkovChain.py



Example of state diagram

0.9 0.075 0.025]
t=10.15 0.8 0.05
025 025 0.5 |

I=29=[0 1 0

Steady-state distribution

z(30) = [0.62491577 0.312577 0.06250723]

1.0 1

0.8 1

0.6

0.2

0.0 -

— state 1
- state 2
- state 3

0

Program: MarkovChain.py
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Example of state diagram

~ _ 1.0 A — state 1
0.9 0.075 0.025 e
t= 1015 0.8 0.05

025 025 05

0.4

0.2 - /
0.0 - . . . . .
Steady-state distribution

(independent from the 2?9 = [0.62491577 0.312577 0.06250723]
starting state)

I=29=[1 0 0

Program: MarkovChain.py



Example of state diagram

0.0 1.0 0.0
t=105 0.0 05

0.0 1.0 0.0
I:CIZ(O)Z[O 1 O] 0.2 1

1 1 0 1 2 3 4 5 6 7 8
m State 2 is periodic (k=2)

0.5 0.5

Program: MarkovChain.py



2.00 A1

1.75 1

1.50 A1

1.25 A

1.00 A1

0.75 A

0.50 A

0.25 A

0.00 A

2.00 1
H 1.75 -
1.50 -
1.25 -
1.00 -
0.75 1
0.50
0.25 1
0.00 1
2970 2975 2980 2085 2990 2995 3000 2970 2975 2980

[=01 0.55 0.35]

0.7 0.1 0.2] 0.2
t= 103 0.6 0.1 t= 104
0.2 0.3 0.5 0.3

Program: SimulMarkovChain.py

2985

0.4
0.3
0.9

2990

2995

0.4
0.3

0.2

3000



HMC MODEL

Hidden Markov chain model



A HMC (X,Y)is then defined by:

1. Adiscrete-time homogeneous stationary irreducible Markov
chain :

Cij =p(X0 =1, X1 :]) :p(Xn:iaXn+1 :])

with initial and stationary law

K
v :p(Xn ZZ) — Zcij
J=1

and transitions

_ Cij
tz'j = —
Uy

The distribution of the MC can be written

N
p(X) — ﬂ-xO H txn—lxn
n—=—1



A HMC is then defined by:

2. Adiscrete time “observed” process Y = {Y1,..., Yy} such that

H1: Random variables Yr are independent conditionally to X

DI

E)y—— T4



A HMC is then defined by:

2. Adiscrete time “observed” process Y = {Y7,..., Yy} such that

H2: The distribution of each Y, conditionally to X is equal to its
distribution conditionally to X,

w ®»  ®» W

p (Yn‘X) =D (Yn‘Xn)
— facn (yn)
TY)y—@2 T3——@9



Hidden Markov chain

w G Y

C)—— T34

N
p (X7 Y) = Moz (yO) H by 1an S (yn)

n=1



Simulations:

1. Sample a MC of size N

2. Sample observation (conditionally to states)

(0.7 0.1 0.2

0.3 0.6 0.1 o

02 03 05 .

0.1 0.55 0.35] \
o :0 2 4i| ’ 0.05
— :1 2 1:| 2970 2075 2980 2085 990 505 el 0.00

2.00
1.75 1
1.50
1.25 1
1.00 1
0.75 1
0.50 A
0.25
0.00 1

80 2985 2990 2995 3000

T =1[0.46 0.30 0.24]

Program: SimulHiddenMarkovChain.py
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Bayesian decision
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Bayesian decision

W G G Y4

p(Xn — iaXn—l—l — ]) = Cij
p (Yn|Xn =7) WN(/‘J'?UJZ')

E)——E)—— T34

Two questions:
* How to classify according to the Bayesian
Decision criterion (assuming known
parameters)?

* How to learn parameters automatically?



Bayesian decision: minimize the mean error rate of classification.

In the independent data case, assuming the loss function

o 0 ifi =19
L(w)={ /

Aij >0 else

the Bayesian decision can be written
K
Sp(y) =k =argmin » X\;; p(X =1|Y =y)
Jea =1
In a general fashion

S$p(y) =arg min F[L(X =x,2)|Y =y
xcQN

= arg min L(x,x T
g min (z,z) p(zly)

For HMC, we consider two criterions (ie. two loss functions):
 MPM: Marginal Posterior Mode
 MAP: Maximum a posteriori



%
MPM criterion

Loss function L, (& Z L(xn, &)

MPM (Marginal Posterior Mode) estimator

Vne0,...,N], &y "M (y) = argmax[p (X, = k|Y) = Fn (k)]

Posterior marginal proba of the states given all the observations
(k) = p(Xn = EY) = an(k) Bn

T / \

Smoothing probabilities  Forward (filtering) probabilities Backward probabilities



Forward probabilities

on(k) = p(X, —k|y0> : o P (X0 = knlyy ™)

p(Xo=k,y0)  7rfx(yo)

n=0 vk e Q,ao(k) = p(Xo = klyo) = pwo) K 1 fiyo)
=17

n>0 VkecQ, anii(k) = Jre(Yn+1) Ztlk an (!

Sn—l—l



Backward probabilities
b (yvjv\,r+1|Xn — k) B 1 p (yqjy+1|Xn — k)

Bn (k) =

p (yqjﬂ>r+1|y"f’) Sy D (yﬁ+2|y’£”+1)

avec Sn =p (ynlyg "), n >0

n=N Vk & Q,ﬁN(k) =1
1
Sn—|—1

K
Z tkt f1(Yns1) Buyi(l)

[=1

n<N Vk e Q,B,(k)=



Posterior marginal proba of the states given all the observations
(k) = p(Xyn = k|Y) = an(k) Bn(k)

MPM (Marginal Posterior Mode) estimator

Vnel0,...,N], zMPM(y)= arg max (Yn (k)



.
MAP Criterion

Loss function
Lo(Z, ) = Liz20)

MAP (Maximum A Posteriori) estimator

£MAP (4) = arg max p(X = zly)
xcQN

= a a. xr
tg max p(x,y)

= arg max p (y|z) p(x)

xcQN \\\

Viterbi's algorithm



K-1 Q

N-1

n=0




Cost of a 1-transition
d(Xp—1=%2pn =7) =0(Tn =J,Yn|Tn-1 =1, Yn—1) = ti; [i(yn)
with initial cost

d(xo = j) = m; [j(%o)

Total cost for a path c

N
P = H d (xc(n—l)a xc(n))

n=0

On cherche a optimiser

N
D = ln(P) = Z In (d (xc(n—1)7 Zlﬁc(n)))
n=0



Maximum cost to reach state k at n

On (k) = In (fr(yn)) + max (0n—1(J) +In (¢;x))
(k) = arg max (0n—1(J) +1n (tjx))

with 0o(k) = In(7) + In(fx(vo))

K O O
K-1 )
Path reconstruction
(backward) - decoding
3 O
~MAP
z — argmax oy (k
N g e ( ) , o o
~MAP ~MAP
Ln_1 — wn-l-l(xn ) 1 ® ®

n=0 1 2 N-1 N



HMC MODEL

Unsupervised parameter learning
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Unsupervised parameter learning

Law of x a posteriori :

ek, ) =p(Xp =k, X1 =1]Y) = (k) Bry1(l) fi(Ynt1) th

Sn—|—1
(k) = p(X, = k|Y) = o (k) Br(k)
- 3 B N _ Bnt1(l) f1Ynt1) tr
tn(kal) T p(Xn—I—l T k|Xn T k? Y) T Bn(k) Sn—l—l

The chain XY is of Markov type, but not homogeneous, and
not stationary!



Completed log-likelihood

InHeo(y, X) =1n(7y,) Zln (fz. (Yn)) Zlﬂtxn_lwn

Auxiliary function

0 (0:0) = Z% In )+fj§j%<k>1n(é“<yn>)







Algorithm

Require: Le nombre de classes K, et un signal a valeurs réelles y
1. Initialisation : Donner une valeur initiale aux parameétres.
Segmenter y —» x(©)
Estimer les paramétres sur les données complétes (y,g(o)) — 00

2. Estimation EM : Trouver ©()

for{=1to L do
A partir des paramétres de I'itération précédente ©%)
Calculer les probabilités « avant-arriére » : «, (k) et k)

Calculer les probabilités a posteriori : n(k) et &k)
: \ o (6+1) 2,(641)

Estimer les paramétres de bruit : p;, " et oy, .

Estimer les paramétres de Markov : #{‘*") et ¢t

end for

3. Segmentation : Appliquer une décision bayésienne
MPM : directement a partir de n (k).

MAP : algorithme de Viterbi (utilisant ®().



Application to Iimage segmentation

Parcours de Peano

123 45678
111 1L 11§ 1
HH e 2
| 111 | 4
mu B 1 =5
e [ bty [ el [ b [ 6
ban 11 11 I == TH DR
" ‘L- LJ L- 8 “
¥ VoY N \
At Yn—1 Yn Yn+1 YN



Original image Noisy image (with MM) Restored image (MPM criterion)

Final estimations (after 30 EM iterations):
Confusion matrix for MPM =
[1434. 50.]
[ 111. 2501.]
Global Error rate for MPM: 0.039306640625
Class Error rate for MPM: [0.03369272 0.04249617]



110 4
>
100 4
S —— class 0
— class 1
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0 5 10 15 20 25 3
~ 61
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*
©
g
D47
0w
0 5 10 15 20 25 3
0.9
=~
> 0.8
et
0.7 1
0 5 10 15 20 25 30

EM iterations

% error

0.4 A

0.3 1

0.2 A

% error

0.1 1

0.0 A

— class 0
—— class 1

o4

10

15

20

25 30

0.150 +
0.125 ~
0.100 +
0.075 ~
0.050 +

o4

10

T

15
EM iterations

20

25 30



Parcours 3D (sequence d'images)

» Image n+1

. Image n

Images n et
—>» n+1

Original image Segmentation Segmentation
from the current  from the past
image only and current
images
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Extensions : 30 years of HMC

EM -> Iterated Conditional Estimation
« W. Pieczynski, Champs de Markov caché et estimation conditionnelle itérative, Traitement
du Signal, Vol. 11, No. 2, pp. 141-153, 1994.

Generalized mixture (non Gaussian — Pearson’ system of distributions)
« S. Derrode and G. Mercier, Unsupervised multiscale oil slick segmentation from SAR
image using a vector HMC model, Pattern Recognition, Vol. 40(3), pp. 1135-1147, 2007.

Fuzzy Markov chain
« C. Carincotte, S. Derrode and S. Bourennane, Unsupervised change detection on SAR

images using fuzzy hidden Markov chains, IEEE Trans. on Geoscience and Remote
Sensing, Vol. 44(2), pp. 432-441, 2006.

Pairwise and triplet Markov chain
» S. Derrode and W. Pieczynski, Unsupervised signal and image segmentation using
pairwise Markov chains, IEEE Trans. on Signal Processing, Vol. 52(9), pp. 2477-2489,
2004.
« W. Pieczynski, Chaine de Markov triplet, Triplet Markov Chains, Comptes Rendus de
I’Académie des Sciences — Mathématique, Série |, Vol. 335, No. 3, pp. 275-278, 2002.



