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Markov chain à temps et état discrets
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A Markov chain is a 
stochastic model describing 
a sequence of possible 
events in which the 
probability of each event 
depends only on the state 
attained in the previous 
event.

Online accessible book: S. P. Meyn and R.L. Tweedie, 2005. Markov Chains and Stochastic Stability 

Transition proba
from state 1 to 
state 2
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http://probability.ca/MT/BOOK.pdf
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A stochastic process has the Markov property if the 
conditional probability distribution of future states of the 
process depends only upon the present state, not on the 
sequence of events that preceded it.

p(Xn = xn|Xn�1 = xn�1, . . . , X1 = x1) = p(Xn = xn|Xn�1 = xn�1)
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• Xn (state after n transitions)
• belongs to a finite set
• is either given or random

• Markov property
(given the current state, the past doesn’t matter)
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The distribution of a homogeneous Markov chain is entirely
determined by its initial distribution and its transition matrix. 
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Example of state diagram

Labelling the state-space {1 = bull, 2 = bear, 3 = stagnant}, 
the transition matrix for this example is

https://en.wikipedia.org/wiki/Markov_chain

The distribution over states can be written as a stochastic row
vector x with the relation x(n + 1) = x(n) t.

Stochastic matrix

t =

2

4
0.9 0.075 0.025
0.15 0.8 0.05
0.25 0.25 0.5

3

5

<latexit sha1_base64="gOo+jqpgJoU6BdSxOdiii5S2/s0="></latexit>
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Example of state diagram

t =

2

4
0.9 0.075 0.025
0.15 0.8 0.05
0.25 0.25 0.5

3

5

<latexit sha1_base64="gOo+jqpgJoU6BdSxOdiii5S2/s0="></latexit>

I = x(0) =
⇥
0 1 0

⇤
<latexit sha1_base64="RB0MliqOFyBJ8MzNdmO1lckpdy8="></latexit>

Program: MarkovChain.py
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Example of state diagram

x(30) =
⇥
0.62491577 0.312577 0.06250723

⇤
<latexit sha1_base64="TrjU0HwzaYcT8dRCsc7IN//o8F4="></latexit>

Steady-state distribution
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2
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0.25 0.25 0.5
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5
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I = x(0) =
⇥
0 1 0

⇤
<latexit sha1_base64="RB0MliqOFyBJ8MzNdmO1lckpdy8="></latexit>

Program: MarkovChain.py
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Example of state diagram

x(30) =
⇥
0.62491577 0.312577 0.06250723

⇤
<latexit sha1_base64="TrjU0HwzaYcT8dRCsc7IN//o8F4="></latexit>

Steady-state distribution
(independent from the 
starting state) 

t =

2

4
0.9 0.075 0.025
0.15 0.8 0.05
0.25 0.25 0.5

3

5

<latexit sha1_base64="gOo+jqpgJoU6BdSxOdiii5S2/s0="></latexit>

Program: MarkovChain.py
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Example of state diagram

1 2 3

0.50.5

11

State 2 is periodic (k=2)

t =

2

4
0.0 1.0 0.0
0.5 0.0 0.5
0.0 1.0 0.0

3

5
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I = x(0) =
⇥
0 1 0

⇤
<latexit sha1_base64="RB0MliqOFyBJ8MzNdmO1lckpdy8="></latexit>

Program: MarkovChain.py
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t =

2

4
0.7 0.1 0.2
0.3 0.6 0.1
0.2 0.3 0.5

3

5
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⇡̂ =
⇥
0.46 0.30 0.24

⇤
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⇡̂ =
⇥
0.31 0.39 0.30

⇤
<latexit sha1_base64="/DKDzxKc/9aKD0L7+L+Ztrzhocw="></latexit>

I =
⇥
0.1 0.55 0.35

⇤
<latexit sha1_base64="g2yVbFxdd6CGYEilqlrFRQO7YWY="></latexit>

Program: SimulMarkovChain.py



HMC MODEL
Hidden Markov chain model
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A HMC             is then defined by:

1. A discrete-time homogeneous stationary irreducible Markov 
chain :

with initial and stationary law

and transitions

The distribution of the MC can be written 

cij = p (X0 = i,X1 = j) = p (Xn = i,Xn+1 = j)
<latexit sha1_base64="7VyIKpEzt+DqkD2hNbyVOr9k0Qg="></latexit>

(X,Y )
<latexit sha1_base64="UBxtEfowZpdJADLSgXovO8wvSho="></latexit>

p (X) = ⇡x0

NY

n=1

txn�1xn

<latexit sha1_base64="R3drbhJ1bovRfKHLSrnC/YgcfHk="></latexit>

tij =
cij
⇡i

<latexit sha1_base64="x6LPZV+B8Y7k2DIpp5ekPhhceZY="></latexit>



16A HMC is then defined by:

2. A discrete time “observed” process                                  such that 

H1: Random variables     are independent conditionally to 

Y = {Y1, . . . , YN}
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A HMC is then defined by:

2. A discrete time “observed” process                                  such that 

H2: The distribution of each      conditionally to     is equal to its 
distribution conditionally to  

Y = {Y1, . . . , YN}
<latexit sha1_base64="nMPNPfQWeQ9YHjad6HFixb5ahFg="></latexit>

Yn
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= fxn(yn)
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Hidden Markov chain

p (X,Y ) = ⇡x0fx0(y0)
NY

n=1

txn�1xn fxn(yn)
<latexit sha1_base64="nXfKwz1wngc3zFxcrEtbFkSwBd4="></latexit>
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Simulations:

1. Sample a MC of size N

2. Sample observation (conditionally to states)

t =

2

4
0.7 0.1 0.2
0.3 0.6 0.1
0.2 0.3 0.5

3

5

<latexit sha1_base64="LikzUxSWhAC9bpDDSfw9gFxws08="></latexit>

Program: SimulHiddenMarkovChain.py
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Bayesian decision
24

p (Xn = i,Xn+1 = j) = cij

p (Yn|Xn = j) N
�
µj ,�

2
j

�
<latexit sha1_base64="V7bkSF3qFZ7gx8tARTeacHt4+g8="></latexit>

Two questions: 
• How to classify according to the Bayesian 

Decision criterion (assuming known 
parameters)?

• How to learn parameters automatically?

y1
<latexit sha1_base64="cn2eJJ0TxUwlPE6StJrdIQOtX6s="></latexit>
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Bayesian decision: minimize the mean error rate of classification.

25

In the independent data case, assuming the loss function

the Bayesian decision can be written

ŝB(y) = k = argmin
j2⌦

KX

i=1

�j,i p(X = i|Y = y)
<latexit sha1_base64="J9GS4Dd9WWJwrxHSaDUlLvzUDdk="></latexit>

L(i, j) =

(
0 if i = j

�i,j > 0 else
<latexit sha1_base64="m9SoGgUrG8OzZtoCtg7YgewqrtQ="></latexit>

In a general fashion

For HMC, we consider two criterions (ie. two loss functions):
• MPM: Marginal Posterior Mode
• MAP: Maximum a posteriori

ŝB (y) = arg min
x̂2⌦N

E [L (X = x, x̂) |Y = y]

= arg min
x̂2⌦N

X

x2⌦N

L (x, x̂) p (x|y)
<latexit sha1_base64="k+9v9zLh0r8Ql7K7jTKsYi97kaI="></latexit>



Loss function

MPM (Marginal Posterior Mode) estimator

26

Posterior marginal proba of the states given all the observations

Forward (filtering) probabilities Backward probabilitiesSmoothing probabilities

L1(x̂,x) =
NX

n=0

L(xn, x̂n)
<latexit sha1_base64="E96YuxtiLKQxkEM2HlWdfkhv7qY="></latexit>

8n 2 [0, . . . , N ], x̂MPM
n (y) = argmax

k2⌦
[p (Xn = k|Y ) = �̃n(k)]

<latexit sha1_base64="yQoNHqf6pcVlHmylQ5gV/v5kAQ0="></latexit>

�̃n(k) = p(Xn = k|Y ) = ↵n(k) �n(k)
<latexit sha1_base64="r2Sb1+PHF57ZdlHWPbL95AMdlnE="></latexit>

MPM criterion



Forward probabilities

with

n=0

n>0

27

8k 2 ⌦,↵n+1(k) =
1

Sn+1
fk(yn+1)

KX

l=1

tlk ↵n(l)
<latexit sha1_base64="qHkNxrjbLfMhhYzyxeETwVqPD2I="></latexit>

8k 2 ⌦,↵0(k) = p(X0 = k|y0) =
p(X0 = k, y0)

p(y0)
=

⇡kfk(y0)PK
l=1 ⇡lfl(y0)

<latexit sha1_base64="VvupkWaJNY6tX885P2lo0q5W9zg="></latexit>

↵n(k) = p(Xn = k|yn
0 ) =

1

Sn
p
�
Xn = k, yn|yn�1

0

�
<latexit sha1_base64="xPR5GkxbjHPKba0w/WWRBdvrphg="></latexit>

Sn = p
�
yn|yn�1

0

�
, n > 0

<latexit sha1_base64="X6+sHUZL+MHoQze0Zc6yvR/AN8c="></latexit>



Backward probabilities

avec 

n=N 

n<N

28

8k 2 ⌦,�N (k) = 1
<latexit sha1_base64="4qTKds/1sayyAgz5EeahKh/3CFI="></latexit>

8k 2 ⌦,�n(k) =
1

Sn+1

KX

l=1

tkl fl(yn+1) �n+1(l)
<latexit sha1_base64="z5DZW6RzM7fQF0jBKBsoolCE+lk="></latexit>

�n(k) =
p
�
yN
n+1|Xn = k

�

p
�
yN
n+1|yn

1

� =
1

Sn+1

p
�
yN
n+1|Xn = k

�

p
�
yN
n+2|y

n+1
1

�
<latexit sha1_base64="XYZfhZJtq4aHvyl5ytapxjun9Qw="></latexit>

Sn = p
�
yn|yn�1

0

�
, n > 0

<latexit sha1_base64="OyWj7kyZuRPIqhzFamGwvTIRaJ8=">AAAC73icjVHLLgRBFD3ae7wGS5uKiQRh0o2EDZmwsSQMEsOku9WMip7uVl0tmYz5Bzs7sfUDtvyF+AP+wq3SEo8I1enuc8+951Tdul4ciETZ9nOH1dnV3dPb158bGBwaHsmPju0lUSp9XvajIJIHnpvwQIS8rIQK+EEsudvwAr7vnW3o/P4Fl4mIwl3VjPlRw62HoiZ8VxFVzc/uVEO2yuJKwGtquknBJWtW7eNWOO+0K1LUT9XMHAvX7Fyumi/YRdss9hM4GSggW1tR/gkVnCCCjxQNcIRQhAO4SOg5hAMbMXFHaBEnCQmT52gjR9qUqjhVuMSe0bdO0WHGhhRrz8SofdoloFeSkmG KNBHVScJ6N2byqXHW7G/eLeOpz9akv5d5NYhVOCX2L91H5X91uheFGlZMD4J6ig2ju/Mzl9Tcij45+9SVIoeYOI1PKC8J+0b5cc/MaBLTu75b1+RfTKVmdexntSle9SlpwM73cf4EewtFZ7G4sL1UKK1no+7DBCYxTfNcRgmb2EKZvK9wjwc8WufWtXVj3b6XWh2ZZhxflnX3BqJ3nhs=</latexit>



MPM (Marginal Posterior Mode) estimator

29

Posterior marginal proba of the states given all the observations

�̃n(k) = p(Xn = k|Y ) = ↵n(k) �n(k)
<latexit sha1_base64="r2Sb1+PHF57ZdlHWPbL95AMdlnE="></latexit>

8n 2 [0, . . . , N ], x̂MPM
n (y) = argmax

k2⌦
(�̃n(k))

<latexit sha1_base64="jw+i/WItJ/ZD67FNBvG3M2cAau4="></latexit>



MAP Criterion

Loss function

MAP (Maximum A Posteriori) estimator

30

L2(x̂,x) = 1{x̂ 6=x}
<latexit sha1_base64="l/0uR7R2gOcILpnuS9UZe0bKNRI="></latexit>

x̂MAP (y) = arg max
x2⌦N

p (X = x|y)

= arg max
x2⌦N

p (x,y)

= arg max
x2⌦N

p (y|x) p (x)
<latexit sha1_base64="+aVEQMdWSMz2nkFS4ZCYRS+T4nQ="></latexit>

Viterbi’s algorithm
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K

K-1

3

2

1

n=0 21 N-1 N
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Cost of a 1-transition

with initial cost

Total cost for a path c

On cherche à optimiser

d(xn�1 = i, xn = j) = p(xn = j, yn|xn�1 = i, yn�1) = tij fj(yn)
<latexit sha1_base64="KHINgZbFYzNA9xnE8H+E6FBZCRI="></latexit>

P =
NY

n=0

d
�
xc(n�1), xc(n)

�

<latexit sha1_base64="IWmJyyswCTGKdAjFvORpfk6gqH4="></latexit>

d(x0 = j) = ⇡j fj(y0)
<latexit sha1_base64="iswrhVX+yT96PZSuCyCRhpCXVtk="></latexit>

D = ln(P ) =
NX

n=0

ln
�
d
�
xc(n�1), xc(n)

��

<latexit sha1_base64="hvXV1GvNtRfJL8VRBlLI1kn83M8="></latexit>
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Path reconstruction 
(backward) - decoding

K

K-1

3

2

1

n=0 21 N-1 N

Maximum cost to reach state k at n

with  

�n(k) = ln (fk(yn)) + max
j2⌦

(�n�1(j) + ln (tjk))

 n(k) = argmax
j2⌦

(�n�1(j) + ln (tjk))
<latexit sha1_base64="ddeTPDyp88fTt49HFdVK24l0K5Y="></latexit>

�0(k) = ln(⇡k) + ln(fk(y0))
<latexit sha1_base64="WnOZluYQqHz006/tab1YF40Znf0="></latexit>
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Unsupervised parameter learning
35

Law of    a posteriori : 

The chain        is of Markov type, but not homogeneous, and 
not stationary!

X|Y
<latexit sha1_base64="ljdSzr6LAqbjNjCBfihl+0jg8C4="></latexit>

X
<latexit sha1_base64="9UQM3xFjmED5tjOhDTRYkq0332A="></latexit>

t̃n(k, l) = p (Xn+1 = k|Xn = k,Y ) =
�n+1(l) fl(yn+1) tkl

�n(k) Sn+1
<latexit sha1_base64="9BlGTOaqbyJ2fAa5kQClmHz9UB0="></latexit>

c̃n(k, l) = p (Xn = k,Xn+1 = l|Y ) =
↵n(k) �n+1(l) fl(yn+1) tkl

Sn+1
<latexit sha1_base64="CO7aTLZ4+ZkbczqEDCVYEXrt6+4="></latexit>

�̃n(k) = p(Xn = k|Y ) = ↵n(k) �n(k)
<latexit sha1_base64="78vkZ1SZSOE6o3p8OVJuRmuSZik="></latexit>
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Completed log-likelihood

Auxiliary function

lnH⇥(y,X) = ln (⇡x0) +
NX

n=0

ln (fxn(yn)) +
NX

n=1

ln txn�1xn

<latexit sha1_base64="dejqlmKoG2K07HucMSIt1JA0Vok="></latexit>

Q
⇣
⇥;⇥(`)

⌘
=

KX

k=1

�̃0(k) ln
⇣
⇡(`)
k

⌘
+

KX

k=1

NX

n=0

�̃n(k) ln
⇣
f (`)
k (yn)

⌘

+
KX

k=1

KX

i=1

NX

n=1

c̃n(k, i) ln
⇣
t(`)ki

⌘

<latexit sha1_base64="2PU/98Eyc0lZVEkeuDhCuWeSWDg="></latexit>
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µ(`+1)
k =

NX

n=1

�̃n(k) yn

NX

n=1

�̃n(k)

�2,(`+1)
k =

NX

n=1

�̃n(k)
⇣
yn � µ(`+1)

k

⌘2

NX

n=1

�̃n(k)
<latexit sha1_base64="ww6ojo2AJyvwIFp8ZJP6x5s4JUw="></latexit>

⇡(`+1)
k =

1

N

NX

n=1

�̃n(k)

t(`+1)
ki =

N�1X

n=1

c̃n(k, i)

N�1X

n=1

�̃n(k)
<latexit sha1_base64="hrjF+Kt5zoUijKtl4rH0mSS4f2w="></latexit>
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Algorithm

↵n(k) et �
(
nk)

<latexit sha1_base64="xPd2Y21Dhs1vIIYEZpxs6nFU7D8="></latexit>

µ(`+1)
k et �2,(`+1)

k
<latexit sha1_base64="/lkW7A1YmcWylh1Q+VP05JMnBQc="></latexit>

⇡(`+1)
k et t(`+1)

ki
<latexit sha1_base64="+uyVqBHONGIZdg1jvNs9wJ8+pw8="></latexit>

�̃n(k)
<latexit sha1_base64="A6JneW+BBH+/iK2CiqQh6WNG8YQ="></latexit>

�̃n(k) et c̃
(
nk)

<latexit sha1_base64="ak/H17LVg0ZDjjYdbwstI/emEVA="></latexit>
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HMC

Application to image segmentation
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Original image Noisy image (with MM) Restored image (MPM criterion)

Final estimations (after 30 EM iterations):
Confusion matrix for MPM =
[1434.   50.]
[ 111. 2501.]
Global Error rate for MPM:  0.039306640625
Class Error rate for MPM:  [0.03369272 0.04249617]
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Image n+1

Image n

Images n et
n+1

Parcours 3D (sequence d'images)

Original image Segmentation 
from the current 

image only

Segmentation 
from the past 
and current 

images



Extensions : 30 years of HMC
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• EM -> Iterated Conditional Estimation
• W. Pieczynski, Champs de Markov caché et estimation conditionnelle itérative, Traitement 

du Signal, Vol. 11, No. 2, pp. 141-153, 1994.

• Generalized mixture (non Gaussian – Pearson’ system of distributions)
• S. Derrode and G. Mercier, Unsupervised multiscale oil slick segmentation from SAR 

image using a vector HMC model, Pattern Recognition, Vol. 40(3), pp. 1135-1147, 2007.

• Fuzzy Markov chain
• C. Carincotte, S. Derrode and S. Bourennane, Unsupervised change detection on SAR 

images using fuzzy hidden Markov chains, IEEE Trans. on Geoscience and Remote
Sensing, Vol. 44(2), pp. 432-441, 2006.

• Pairwise and triplet Markov chain
• S. Derrode and W. Pieczynski, Unsupervised signal and image segmentation using

pairwise Markov chains, IEEE Trans. on Signal Processing, Vol. 52(9), pp. 2477-2489, 
2004.

• W. Pieczynski, Chaîne de Markov triplet, Triplet Markov Chains, Comptes Rendus de 
l’Académie des Sciences – Mathématique, Série I, Vol. 335, No. 3, pp. 275-278, 2002.


