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MIXTURE MODEL

Definition / sampling



Introduction

In statistics, a mixture model is a probabilistic model for representing the
presence of subpopulations within an overall population, without requiring
that an observed data set should identify the sub-population to which an
Individual observation belongs.

Formally a mixture model corresponds to the mixture distribution that
represents the probability distribution of observations in the overall
population. However, while problems associated with "mixture distributions
relate to deriving the properties of the overall population from those of the
sub-populations, "mixture models" are used to make statistical inferences
about the properties of the sub-populations given only observations on the
pooled population, without sub-population identity information.
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https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Probabilistic_model
https://en.wikipedia.org/wiki/Subpopulation
https://en.wikipedia.org/wiki/Mixture_distribution
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Statistical_inference

Definition

Suppose that we have a sample

y:yjlv:{ylay27'°'7yn7"'7yN}

distributed according to a mixture of Gaussian distributions,
so that all samples have the following with density:

P(Yy =yn) = Zﬂkfk Yn)

A Gaussian mixture model is made with Gaussian Jx .
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Question : How to draw a sample for a mixture ?
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Question : How to draw a sample for a mixture ?

1. Sampling according to the a priori proba to get the class
number.

2. Sampling according to the selected Gaussian.

v i n'n’x’x’x"&‘x‘“x'x 0:'1

N(,LLQ = —0.2,0‘2 = 1) o = 055 I 0

N(u3=1-9,03:\/§) m3 = 0.35 > .




Question : How to draw a sample for a mixture ?

1. Sampling according to the a priori proba to get the class
number.
2. Sampling according to the selected Gaussian.
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MIXTURE MODEL

Automatic parameter learning



Likelihood

In statistics, the likelihood expresses how probable a
given set of observations is for different values of
statistical parameters. It is equal to the joint
probability distribution of the random sample
evaluated at the given observations, and it is, thus,
solely a function of parameters that index the family
of those probability distributions.

For MM ZLe(y) = H Zm Fi(yn)

considered as a function of ©.

Sir Ronald Fisher


https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Realization_(probability)
https://en.wikipedia.org/wiki/Statistical_parameter
https://en.wikipedia.org/wiki/Joint_probability_distribution
https://en.wikipedia.org/wiki/Joint_probability_distribution
https://en.wikipedia.org/wiki/Parametric_family

Maximum likelihood estimator

Mapping from the parameter space to the real ling, the
likelihood function presents a peak, if it exists, which
represents the combination of model parameter
values that maximize the probability of drawing the
sample actually obtained.

The procedure for obtaining these arguments of the
maximum of the likelihood function is known as
maximum likelihood estimation (MLE), which for
computational convenience is usually done using the
natural logarithm of the likelihood, known as the log-
likelihood function.

Question: How to maximise Le(y) ?


https://en.wikipedia.org/wiki/Parameter_space
https://en.wikipedia.org/wiki/Real_line
https://en.wikipedia.org/wiki/Arg_max
https://en.wikipedia.org/wiki/Arg_max
https://en.wikipedia.org/wiki/Maximum_likelihood_estimation
https://en.wikipedia.org/wiki/Natural_logarithm

Question: How to maximise Leo(y) ?

 Direct maximization is not possible.
 Solution : Expectation-Maximization (EM) algorithm

We define the "joint likelihood"

N N K
Ho(y, X) = [ 7x. fx(wa) = 1] D m frlvn) Lix,=)
n=1 n=1 k=1

This a random function of
X =XY={X,Xo,...,X0,...., Xn}



EM algorithm

The EM algorithm: this is an iterative algorithm to estimate the

maximum of the likelihood function, by computing iteratively
two steps:

0 (0;0) = E [lnHe(y, X)|y, 0]
1. Expectation of the auxiliary function

where

- O jsthe set of true parameters (we are looking for).
. 0Yjs the estimated parameters set at iteration £.

2. Maximization of the auxiliary function

(e+1) _ .9
© arg max Q (@, ) )




Properties of the EM algorithm (not proven)

1. Construction of a series of estimators for which

the likelihood is increasing.
Lown(y) = Low(Y)

The likelihood is always increasing (this is a sufficient condition to
ensure the convergence of the EM algorithm).



Properties of the EM algorithm (not proven)

2. Convergence towards one of the (local) maxima of
likelihood since we have

09 (6;01)
00

_ 9Le(y)
00 0=

O=6)

Initialization: Biernacki, C., Celeux, G. and Govaert, G. (2003). Choosing starting

values for the EM algorithm for getting the highest likelihood in multivariate Gaussian
mixture models. Computational Statistics and Data Analysis 41, 561-575.



The joint log-likelihood is Written

1117'[@ y, Zln (Z Tk fk yn ]I(X k))
n=1

So Q (e @@) = E [InHo(y, X)|y, 0]
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So
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Gaussian mixture: as an exercise, proof that EM-based re-
estimation formulas for parameters of a MM can be written:
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Image processing

The EM algorithm looks for a local maxima of the likelihood: it

requires the parameters to be initialized “not so far” from the
true values.

Any idea to initialize parameters ?
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2D mixture models



2D mixture model
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4. 2D Mixture Model

Margins, conditional laws,
empirical estimation of
parameters
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4. 2D Mixture Model




4. 2D Mixture Model

plx|w;)P(w,;)

Decision boundary
can be complex!!!
(l.e. not always linear)

p(x|w,)P(w,)




4. 2D Mixture Model

Multi-class decision
boudaries




4. 2D Mixture Model

EM-based re-estimation formulas for parameters of a
2D MM are essentially the same:
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