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Parameter estimation in switching Markov
systems and unsupervised smoothing

Fei Zheng, Stéphane Derrode, and Wojciech Pieczynski

Abstract—Stationary Jump Markov Linear Systems (JMLSs) model
linear systems whose parameters evolve with time according to a hidden
finite state Markov chain. We propose an algorithm for parameter
estimation of a recent class of JMLSs called Conditionally Gaussian
Pairwise Markov Switching Models (CGPMSMs). Our algorithm, named
Double-EM (DEM), is based on the Expectation-Maximization (EM)
principle applied twice sequentially. The first EM is applied to the
couple (switches, observations) temporarily assumed to be a Pairwise
Markov Chain (PMC). The second one is used to estimate the remaining
conditional transitions and conditional noise matrices of the CGPMSM.
The efficiency of the proposed algorithm is studied via unsupervised
smoothing on simulated data. In particular, smoothing results, produced
with CGPMSM in an unsupervised manner using DEM, can be more
efficient than the ones obtenied with the classic “Conditionally Gaussian
Linear State-Space Model” (CGLSSM) based on true parameters and
true switches.

Index Terms—Markov switching linear systems, Expectation-
Maximization, CGPMSM, DEM-CGPMSM, Parameter estimation, Un-
supervised smoothing.

I. INTRODUCTION

ET us consider three random sequences XN = {X1,...,Xn},
RY = {Ri,...,Rn}, and Y} = {Y,...,Yn}, with each
Xn, Rn, Y, take their values in R™, © = {1,..., K}, and R
respectively. Y2 are observed while Ry and X%V are not. The task
that we are handling is to estimate the hidden states X2 from only the
observed YI'. We will use the Bayesian smoothing method, which

consists of estimating xI¥ = (x1,--- ,xn) by XI¥ = (&1, -+ ,%n),
where each X, is given by the conditional expectation:

N N

%o =E [Xa |y7 |- )

Such fixed-interval smoothing of switching Markov models is of in-
terest in different situations. For instance interference suppression of
spread spectrum CDMA systems [1], detection of Bernoulli-Gaussian
processes with applications to seismic signals processing [2], target
tracking and trajectory reconstruction [3], or still stochastic volatility
estimation [4].

To model the probabilistic dependences among XV, RY and Y,
we adopt the “Conditionally Gaussian Pairwise Markov Switching
Models” (CGPMSMs [5]). The aim of this paper is to propose a
parameter estimation method for CGPMSMs from only observations
Y and to study unsupervised smoothing under the model with
the estimated parameters. As the widely used classic “Conditionally
Gaussian Linear State-Space Models” (CGLSSMs [2], [6]-[10]) are
actually particular CGPMSMs, the proposed method can be applied
to the CGLSSMs based unsupervised smoothing as well.

Parameter estimation problem is crucial in real applications. Early
work [8] developed a pseudo-EM for estimating the parameters of
dynamic linear models with switches, in which the process R
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is not a Markov chain but a non-stationary independent process
defined only by time varying probabilities. In [11] author proposed
a parameter identification method through matching the empirical
statistics computed from data with corresponding statistics predicted
by the model. In [12] author worked only on the EM estimation
of transition probabilities of R for CGLSSMs. And later, when
it comes to non-linear case, In [13] EM has been combined with
particle filter to perform the parameter estimation. In this paper,
particle filtering methods are not used, which removes the inherent
problems like particle degeneracy or large deal of particles needed
when the state space dimension is high [14]. Our contribution is
twofold:

1) we propose a stationary CGPMSM parameters estimation
method, called “Double-EM” (DEM) from only the observations
Y =y

2) parameters estimated with DEM are used to perform unsu-
pervised smoothing by two fast approaches: one new defined
directly from the DEM-CGPMSM, and another one based on
“Conditionally Gaussian Observed Markov Switching Model”
(CGOMSM [4], [5], [15]-[17]) associated with the estimated
CGPMSM.

The proposed parameter estimation method opens ways to unsuper-
vised processing (smoothing, filtering, prediction, efc.) in a very gen-
eral framework. Indeed, CGPMSM can approximate any stationary
(or even asymptotically stationary) Markov non-Gaussian non-linear
systems [4], [15].

The remaining of the paper is organized as follows. Stationary
CGPMSMs are recalled, and the new DEM algorithm is proposed
in Section II. Two related unsupervised smoothing approaches are
described in Section III, and two series of experiment on DEM based
unsupervised smoothing are reported in Section IV regarding various
factors of influence. Finally, the last section V draws the conclusion
and presents some perspectives.

II. STATIONARY CGPMSM
The proposed parameter estimation method is valid under the
stationary CGPMSMs model, defined by:
(i) the triplet TV, with T, := (X,,Rn,Y,) for each n =
1,---, N, is Markovian;
(ii) foreachn=1,--- , N —1,
P (Tnt1 [Xn, Tny ¥y ) = P (Tntt [Tn) 2
(which implies that RY is Markovian);

(iii) p (x1,¥y,|r1) is Gaussian, and for eachn =1,--- [N — 1,

Xnt1 — M*(Rnt1)
Yo — MY (Riqta)

_[Frmat FY®i
L ERET AR

FRyTH
[X,, — M*(R,) U,
Y., - MY(R,) * [VHH] ’
(3)
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where F(R2T!) is the appropriate system transition matrix.
M*(R,) and MY (R,) denote the means of X,, and Y,, con-
ditionally on Ry, and [UT,, VT ]" represents the Gaussian
zero-mean noise with variance-covariance matrix independent

from TY that
Un+1 _ Qxx(R:zlel) Qxy(RZ+1) A
cov Voo = ORI Qv @

(R
QR
For simplification, we set
Xn - M*(R,) U,
Z, = 7M (Rn) = 7Wn = ’
Y, MY (Ry) V.,
%)

so that, (3) can be concisely written as

= M*(Rnt1) = F(RY™) (Zon — M*(Rn)) + Wi
(6)

(iv) RY is stationary (p (rj;™") does not depend on n), and for each
n=1,---,N —1 and each r*! in Q2

T*(rng1) = Flen D) FT () + Q(en™h), (D

where I'?(r,) := E[(Zn, — M?(1y)) (Z, — M?*(
is the variance-covariance matrix of Z, conditionally on
R = pntL
In stationary CGPMSM (i)-(iv), the distributions p (tr, tn+1) do not
depend on n, thus, the model distribution is defined by p (t1, t2),
given by p (r1,72) and p (x1,¥y,X2,¥5[r1,72).
Let us recall two particular CGPMSMs (if stationary):

Zn+1

1) The classic “Conditionally Gaussian Linear State- Space Models”
(CGLSSMs) are CGPMSMs with 7Y (r?) = F¥¥(r}) = 0 for
each r? € Q?;

2) The recent “Conditionally Gaussian Observed Markov Switch-
ing Models” (CGOMSMS) which are CGPMSMs with
F¥*(r?) = 0 for each r} € O°.

Comparing to CGLSSMs, CGOMSMs have the advantage that fast
exact restorations (filtering and smoothing) are feasible in spite of
the existence of unknown switches [5] (CGOMSMs also belongs
to the “Conditionally Markov Switching Hidden Linear Models”
(CMCHLMs) family which allows fast exact restorations in general
context, not necessarily to be Gaussian [18]).

The proposed parameter estimation method for the stationary
CGPMSMs (i)-(iv) is constructed by the following two steps:

(a) Assuming that (R}, Y7Y) is a stationary Pairwise Markov
Chain (PMC [19]), apply an extension of the classic EM [20],
[21] to estimate the parameters 6* of its distribution
p* (r{v, yllv) from Y = y¥, then use p* (r{v, yjlv) to estimate
(f'*)iv of ¥ with Maximum Posterior Mode (MPM) criterion
(see Subsection II-A);

(b) Estimate the parameters 6 of p (T{') using ((f'*)fr ,yf’% with
the proposed “switching EM” specified in Subsection II-

Such a method will be called “Double-EM” (DEM) from the applica-
tion of EM principle twice. Let us insist on the fact that (R}, Y1')
is not Markov in general CGPMSM and thus the point (a) above is
a temporal approximation. Once (f'*)iv is found, this hypothesis is
no longer necessary. To be more precise, we have:

. R{V is Markovian in CGPMSMs, CGLSSMs, and CGOMSMs;

« (RY, YY) is Markovian in CGOMSMs, but it is not necessarily
Markovian in CGPMSMs;

« (R, XY) is Markovian in CGLSSMs, but it is not necessarily
Markovian in CGPMSMs.

0))" | B = 1]

More generally, let (G1',H{) be a stationary time-reversible
Markov pairwise process. Necessary and sufficient conditions for
markovianity of G (or HY) can be seen in [22].

Remark 2.1 As (R{',Y7') is not Markov in CGPMSM, consid-
ering it Markovian in the first EM could appear as a possible strong
approximation. So we performed some experiments to assess how
replacing the true RY = r{ with the estimated one obtained with
the first EM (assuming (R}, Y1) Markov). Experiments show that
the approximation does not deteriorate the results significantly, and
the method so obtained is the best one (except the optimal one) among
all other methods studied.

Let us detail steps (a) and (b) above.

A. EM for Pairwise Markov Chain

The parameters 6* to be estimated are, for each j,k € Q,
pik = p*(r1=j,r2 =k); mean M?’lk and variance T 1,6 of
Gaussian density f;x (y1) = p* (yi|r1 =j,m2 = k). Accordmg
to the EM principle, to iteratively get the next parameters (6*) )
from the current ones (6*)”, we need to compute v, (j, k) :=

ol (Tn =7Tnt1 =k \Yiv) by
Un (4, k)
an (§)p (T'n—O-l = kyyn+1 7 = 4, yn)ﬁn-&-l (k)
S an()p (1 =l Yo I =1,y,,) Bata (12)

(I1,l2)€02

3

N
. . . . nt1lmn n
With i (3) 1= p (o = 31¥1) B () = Herectse)
sent the normalized “forward”, “backward” probablhtles [23]. They
are calculated from the following recursions:

repre-

ar(j) =p(r1=7ly.1);
Zan (l)p (T7L+1 - j7 Ynt1 ‘rn = la yn)
Qa1 (]) o le2
n+ - )
Z Qn (ll)p (Tn+1 = l2,yn+1 |Tn = ll,y")
(I1,l2)en?
©
B (4) =15
Z/Bn+l Dp (Tn+1 = l:yn+1 |7 = 4, yn)
Q
Bn () = :
Z Qn (ll)p (TnJrl = l27yn+1 |Tﬂ = ll7yn)
(11,l2)€EQ?
(10

Thus, the next parameters (8*)+?) is obtained by

N-—

Z Un (4, k) ;

(p; k)<l+1)

— Y
()" = 7; i ;

Zm(m)
n=1
= Yo 2@\ ([, 2\’
oo (|20 |- e ) (] - 1))
' |

(Fii)(wl) _ =t -
an (4, k)

n=1

amn
To find initial (0*)<0>, we use simply the empirical estimation
based on the classified yY obtained through classic K-means.
EM is stopped after the change of the likelihood between two
iterations is considered small enough. Then, having ¢, (j) :=
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p* (rn :j’yllv) = 3K Wy (j,k) got from the last iteration,
()Y = (#f,---,7x) is obtained by 7 = argmax; ¢n (j)
adopting the MPM criterion.

B. Switching EM
Knowing the switches, a CGPMSM is actually a varying parameter
“Pairwise Gaussian Markov Model” (PGMM [5]). In this Section, we
assume that (f'*)ff are the true switches, and extend the constant
parameter PGMM-based EM algorithm proposed in [24] to the
varying parameter case. We call this extension “Switching EM”.
The function that EM updates under the assumption is

@ ]|
(12)

U+ — arg max |:IE6.(;) [lnpe (){i\r7 (f-*)iv ’yi\’)
2]

with the complete data likelihood given by

i po (XY, ()Y .y ) = In (po (7)) + I (po (Xa,y, 1)) +

N-1

Z In (PO (f:H'l ‘P:L )) +In (p@ (X’ﬂ+17yn+1 |X’ﬂ7yna/ﬁ:m72;+l )) .

n=1
(13)
Thus we have
6" = argmax [Eqa) [In (po (X1,¥, 7)) +
0

N—-1

ST In (po (Xt Yogr 1Ky ¥ Py P ))

n=1

(f‘*)]lv 73’?@] :
(14)

1) E-step: As no confusion will be introduced, we temporally
remove the dependence notation related to (f'*)ff . The solution of
(14) is function of p (xn |y} ) =N (Xn|n, Py~ )- Let us recall how
it is computed from the forward recursion followed by a backward
one.

The forward recursion  gives  p (Xni1 !y?“ ) =
N(ﬁn+1|n+lapn+l\n+l) from p(xn|y?) = N’(f{nlmpn\n)
and ends at p(xn ’yl ) = N (Xnn,Pyn). Then the
backward recursion gives p (xn|yy ) = N (Xnn,Pun)
from p(xn41lyY) = N (Xng1n; Pojin) and ends with
p(x1]y1 ) =N (X1n, Pijn). More precisely, they run as follows.
Define N7, ;1 and NY_, the items linked to the means that

NxL(REFD] M*(R,)
Ny (R MY (Rn)
Let

M*(Rn+1)

- FRyH
MY (Rpn11) ( )

Sn\nJrl = ny +-rnyn|n (fyx)T 5
Kn\n-‘rl = Pn\n (fyx)T (Sn\n+l)_1 5

Yntipn = F Knpn + FVy, + Ny (4>
yn+1\n = Ynt1 — yn+1|n'
Xn|n+1 Iﬁn‘n+Kn\n+1S’n+1\n3 (16)
Pojni1 = Pojn — Knjng1Snjni1 (Knpnga) ',
Then
Kntint1 = AXpjns1 + Bu; an
Poiijnt1 = Q2+ AP7L\7L+1AT,
in which
A= F>* 9% (ny)*l FY*.
Buim @@ Ty - @V (@) N,

+ (]_-xy _ Qxy (QYY)*l j:YY) Ya + N2+1;
Q, = Q% — Q¥ (QW) ' @™

Regarding the backward recursion, N (X, P, n) is computed
from /\/’()A(n+1‘N7Pn+1|N) with

= Xpjnt1 + Ko v (Rt v — Rng1jnt1);
T
= P’n\n+1 + K7L|N(P7L+1\N - Pn+1\n+l) (Kn\N) )

-1
where Kn\N = Pn|n+1AT (Pn+1|n+1) .

For later use, we also calculate the covariance C', 11, n|n Of Xp41
and X,, conditional on y, given by:

Cn+1,n\N = Pn+1|N (Kn|N)T .

We should notice that this computation is of difference from the ones
in [24], [25], because there is a “shift” of the pair from (X, Yn—1)
in the model handled in these two articles to (X, Y, ) in our model
(3). Moreover, our model considers that the means of (X,,Y)
change with the switches.

2) M-step: For maximization, let us set (f‘*)iv =r? for simplifi-
cation. Besides, when dealing with the optimization problem of (12),
one may replace the quantities (Xy,,y,,) with the centered ones, for
which we set Z;, = Z,, — M?*(R,,). Defining:

Xn|N

19
Pux (19)

(20)

O = B [Z’n (z,)7 riv,yiv]

[xnm - Mx(rn)} FHN _ M"(rn)] ¢ N {PMN 0} 1)

Y, — MY (1) Y, — MY (1) 0 0
Cn+1,n,(l) = EG(L) |:an+1 (an.)T ’r{\”yi\f}
~ x A >’ t
[ Xngrn — M ('rn+1) Xn|N — M (T’ﬂ)
Yni1 — MY (rng1) Y — MY (rn) (22)
+ Cn+1,n|N 0 )
0 0

Solutions .7__5_121) = T(l+1)(7'n = j,rny1 = k) and QET) =

QU+ (p, :’j, rnt1 = k) of (12) for each j, k € € verify that

0 NZE o [po (Zhss |2) [ ¥ | =0
OFju = ° ’ ’

5 N-I (23)
m ; Egw [Pe (an-‘rl ‘zi,) I‘iV,YiV] =0,
with po (zhyalzn) = N (F(rpt)z, Qi) Setting

on(3,k) = 1(rn=4,rn+1=%k) and Card(j, k) =
SN=16, (4, k), we get the expressions of .7-';{2'1) and Q;f;‘l) that

n=1
’ ’ —1
(+1) _ FAongrzn (Gnn,) 7L
]:j»k - Cj,k quk )

(+1) 1 ~n+1,n41,(0) (1+1) ( Antln,@)\T
Qjr = Card (j,k) (Cj*k ~Fi (CJV’“ ) )’

(24)
in which
. N-1
i =3 s Gk e,
n=1
_ N—-1
C]r.j;l,ny(l) = On (]’ k) CnJrl,n,(l); (25)
n=1
. N-—-1
C;;C‘rl,n-?-l,(l) — S (]7 k) Cn+1ﬂl+1’(l)_
n=1

Remark 2.2 Although CGOMSM seems naturally fit for the as-
sumption that we need to estimate (f'*)f] , it is unidentifiable through
EM. So DEM can work for general CGPMSMs except the very
CGOMSM case.
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III. APPROXIMATED UNSUPERVISED SMOOTHING

As fast exact smoothing is not feasible in CGPMSMs, we propose
to study the performance of DEM with two smoothing approaches.

The first one, called DEM-CGOMSM, uses the parameters
estimated through DEM and modified into CGOMSM to have
FY*(rmt1) = 0 for all r2™" € Q2 so that fast smoothing is
workable under the approached CGOMSM model [5].

The second one, called DEM-CGPMSM, uses the classic
approximation, replacing Gaussian mixtures p (Xn |rn,yT) and
p(%Xn |rn,y) ) by Gaussian distributions with the same means
and variances in recursive computations. However, the originality
of DEM-CGPMSM is that the distributions p (rn41 |rn,y7 ) and
p(rn+1|rn,y? ) needed are those estimated by EM for PMC in
DEM. In detail, assuming that p (xy |rn,y7 ) is Gaussian, mean
and variance of Gaussian p (xn+1 ’r%“,y{bﬂ) can be computed
by (17). Then,

p (st o, y?H) = ZP (rn [Pn1s }’711“)
n (26)
p(xns [rn Pyt
Similarly, p (xn ‘rfﬁ—l, yf') is computed from p (Xn+1 ‘Tn+1, yi\l)
(assumed Gaussian) using the backward recursion (19), and then

Tnayllv) = Z p (TnJrl errlaYiV) .

Tn41

@7
Probabilities p (rn ‘rn“, y?“) and p (Tn+1 |rn, y{v) in these two
equations above are computable because of the assumed Markovian-
ity of (R{V YV ) in DEM. Finally, the smoothing result is given by
Xn = ZTWJE [xn !rn,yf’]p(rn ‘yf’) foreachn=1,---,N.

N
p (Xn Tn,¥Y1 )p (Xn+1

IV. EXPERIMENTS

Two experiments are conducted to test the performance of the
DEM algorithm on simulated data under CGPMSMs, and to study
the two proposed unsupervised smoothing approaches based on
DEM parameter estimation. The first experimental series regards
different noise levels, and the second one considers the impact of
the conditional mean value MY (R,,).

A. Experiment of varying noise level

Let us consider a simple case of CGPMSM, where m = q = 1,
Q = {1,2}, and with joint probabilities of R{ given by p1; =
p2,2 = 0.45, p1,2 = p2,1 = 0.05. The means of Xf’ and Yf’ of both
switch classes are set to be zero (the means of XV are assumed to
be known, since it can’t be recovered), while the variance—covariance
matrices of p (X3,Y7 |1 =j,ra=k), j,k € Q are of the form
(28) (see also the dependence graph in Fig. 1).

1 bj aj k dj,k
A I N I Xk
PP ek e 1 bk | (Ejfk’z?)T I
djk  Cjk b 1
(28)
Then the equivalent parameters ;. and Q; j are given by:
VARY A ¥4 -1 z z z
Fin=(Z557)"(T) 7 Quu =Ti—FieZip™. (29
And conversely, using Lyapunov equation [26], (29) implies
r# = argvec [(I_T‘j’j ®.7-'j,j)7lvec(gj,j)} ; 30)

0 = (Fiali)"

where argvec (.) denotes the inverse function of the operator vec (.)
that stacks the columns of a matrix, and ® represents the Kronecker

Y1 Cj.k Ya
o
b]‘ br
dijk
X1 aj k X2
Fig. 1. Dependence graph of (Xi,Y1,X2,Y2) conditional on

(T’ﬂ = ja Tn+1 = k)

TABLE 1
PARAMETERS OF FIVE DIFFERENT NOISE CASES.
Case b1 b €1 €2 | dix dig dai  dapo
1 0.00 020 | 040 0.10 | 0.30 030 039 047
2 0.10 030 | 050 020 | 035 039 042 054
3 020 040 | 0.60 030 | 0.39 047 045 0.61
4 030 050 | 0.70 040 | 042 054 048 0.68
5 040 060 | 0.80 0.50 | 045 0.61 049 0.73

product. We fix the value of a;:1 = 0.1, ajz = 0.5; ¢j,1 = 0.5,
cj2 = 0.9, while the other parameters in I‘;lk are set as given in
TABLE I, regarding five cases with decreasing noise level. Then, six
smoothing methods are considered for comparison, among which,
three are based on true parameters and three on DEM estimated ones.

The three true parameter based methods denoted with “TR” are:
smoothing based on

1. TR-CGPMSM: optimal reference
CGPMSM with true parameters and true switches RY =1V,

2. TR-CGOMSM: optimal smoothing based on CGOMSM ob-
tained from CGPMSM by replacing d; » with dj ;, = c; xb;, for
all j,k € Q, which gives F¥*(r}) = 0;

3. TR-CGLSSM: optimal smoothing based on true switches
RY = r) and CGLSSM obtained from CGPMSM by re-
placing djx, €j k. cjx With dj, = ajrbe, €, = a;rb;,
¢}, = bja;kbe, for all j,k € € which gives <V (r}) =
F¥Y(r}) =0.

The three unsupervised DEM based smoothing methods are:

4. DEM-CGPMSM: smoothing based on parameters from DEM
with details given in Section III;

5. DEM-CGOMSM: smoothing based on parameters from DEM,
and modified to become a CGOMSM (with same modifications
as in TR-CGOMSM);

6. DEM-CGLSSM: smoothing based on parameters from DEM,
and modified to become a CGLSSM (with same modifications
as in TR-CGLSSM).

All experiments are carried out on N = 10000 samples, with 100
iterations for first EM, and 500 iterations for switching EM (assuming
convergence of the algorithms), the initial value _’Fgolz and Qfolz are

set as:
FO) _ -05 1.0 0 _ 05 0.1]
.t 0.2 05| 7% o2 05|’

05 0.0
©) _
Qi {0.0 0.5

The experiments are conducted with python 3.6 programing language
on a 3.7GHz CPU. The entire DEM parameter estimation takes about
29 minutes (3 minutes for first EM for PMC, and 26 minutes for the
following switching EM). It takes 11 seconds for the later smoothing
using DEM-CGPMSM and 20 seconds using DEM-CGOMSM. All
results are averages of 100 independent experiments. The smoothing
results related to different methods are illustrated in Fig. 2. The
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TABLE II

F ks j,k AND THEIR DEM ESTIMATES (CASE 3 OF TABLE I).

Fia Fip2 Fou Fap
T [—0.02  0.60 046 0.21] 017 0.67] | [045 0.12]
"l o030 0.44] 0.30 0.84] 030 0.38 030 0.78]
e || [00T 038 —0.04 05 0.61 0.8 [0.58 0.06]
| 017 0.30] —0.01 0.74 0.33 0.74 1017  0.84]

Q1.1 Qi Qa1 Qa2
; 064 —0.00 071 0.00] 062 —0.06] | [0.74 0.02]
Ml 2000 0.66 l0.00 0.10] —0.06 0.67 ] | [0.02 0.11]
e 055 0.0 [0.27 0.19] 115 0.02 [0.62 0.02]
0.09 0.80 l0.19  0.29] 0.02 0.17 l0.02 0.15]

1.4

MSE of X

TR-CGPMSM

-

0.44 ¥ TR-CGOMSM

=% TR-CGLSSM

—&— DEM-CGPMSM
DEM-CGOMSM

—&-- DEM-CGLSSM

0.0 T T T
1 2 3 4 5

Case

0.2 4

Fig. 2. Restoration MSE of Series 1 (F¥Y*(r?) = 0.3).

estimated parameters F;, and Q,; under case 3 are reported in
TABLE 11, while the estimated means are MY (r, = 1) = 0.002;
MY (r, = 2) = 0.001, and the estimated joint probabilities of
switches are p1,1 = 0.40; p1,2 = p2,1 = 0.06; p2,2 = 0.48.

MSE of X

TR-CGPMSM

+ TR-CGOMSM

+ TR-CGLSSM
DEM-CGPMSM
DEM-CGOMSM

+ DEM-CGLSSM

0.0 T T

0.2 4

T

1 2 3 4 5
Case

Fig. 3. Restoration MSE of Series 1 (F¥Y*(r?) = 0.1).

Moreover, a parallel experiment is conducted with F¥*(r?) set
to be 0.1 by changing the setting d;x in Table I using (30). The
smoothing results are reported in Fig. 3. Then, from this series of
experiments, we can summarize that:

1) comparing TR-CGPMSM, TR-CGOMSM, and TR-CGLSSM
shows how models are “far” from each other when smoothing

TR-CGPMSM

+ TR-CGOMSM

+ TR-CGLSSM

DEM-CGPMSM

DEM-CGOMSM

+ DEM-CGLSSM

0.0 T T T T

0.4 4

0.2 4

TR

0.0 0.5 1.0 15 2.0 25
|MY]

Fig. 4. Restoration MSE of Series 2 (FY*(r?) = 0.3).

is concerned. As expected, TR-CGOMSM can be close to TR-
CGPMSM if F¥*(r?) is small. TR-CGLSSM is to be avoided
as MSE is often about 50% larger than that obtained by TR-
CGPMSM;

2) the main conclusion is that DEM-CGPMSM is of interest when
it comes to unsupervised smoothing. In general, the decrease of
smoothing efficiency with respect to the optimal TR-CGPMSM
is acceptable, and its performance has even the chance to surpass
TR-CGOMSM and TR-CGLSSM.

B. Experiment of varying mean

In this experimental series, we vary the means of observation
conditionally on switches to adjust the difficulty for EM for PMC
to find a suitable (#*)Y instead of the true switches. All the
simulation conditions and model parameters are set the same as the
Case 3 with F¥*(r?) = 0.3 in previous series, except a change
on MY (r,) values. More precisely, we range |MY| from 0.0 to
2.5, where |MY| represents the absolute value of MY (r,), and
MY (r, = 1) = —MY(r, = 2). For example, |[MY| = 2.5 indicates
that MY (r, = 1) = 2.5 and MY (r, = 2) = —2.5. Restoration
MSE through the six smoothing methods is illustrated in Fig. 4.

With the increase of |M¥ |, (#*)} got from EM is closer to the true
r} (when |[MY| = 0.0, the error ratio of (#*)} comparing to r?’ is
around 20%, while when [MY| = 2.5, it is nearly 0%, which means
the observations are well classified for switching EM to estimate
the remaining model parameters. The tendency of smoothing MSE
through all methods with unknown r{’ with respect to |M?Y| are not
monotone. This phenomenon is caused by the introduced error from
removing the mean of each individual wrong classification of y®¥ in
the switching EM process. Larger |MY | introduces more error if y 2’
is classified in 7, # r,. However, generally speaking, the 20% error
ratio of (i'*)f’ to 7, does not have too much influence on smoothing
result as illustrated in Fig. 4, which indicates the mildness of the
Markovian assumption on (R{V YV ) in the overall DEM-CGPMSM
algorithm.

V. CONCLUSION

We considered the problem of unsupervised smoothing in presence
of unknown switches. There are three random sequences X' =
{X4,...,XyLRY ={Ry,..., Ry}, and YY = {Y1,..., YN},
with each X,,, R,, Y, taking their values in R™, @ = {1,..., K},
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and, R? respectively. Only Y1 are observed and the problem is to
estimate realizations of X1V.

We proposed a general parameter estimation method - called
“Double-EM” (DEM) - from Yf’ for “Conditionally Gaussian
Pairwise Markov Switching Models” (CGPMSMs [5], [18]), which
extend simultaneously the classic “Conditionally Gaussian Linear
State-Space Models” (CGLSSMs [6], [8], [9], [27]) and the re-
cent “Conditionally Gaussian Pairwise Markov Switching Models”
(CGOMSMs [4], [5], [15]). Then we studied unsupervised smoothing
based on parameters estimated from DEM. Conducted simulations
show the good behavior of the proposed method. In particular,
considering data produced with a CGPMSM, smoothing method
based on parameters estimated with DEM is competing, or even
better, that smoothing based on real paramaters, real switches, and
the classical CGLSSM model.

Let us mention some perspectives of extensions or applications.
The Markov switching model governing switches of this paper can
be extended to a semi-Markov one, as recently studied in [28]-
[32]. Otherwise, Gaussian noise can probably be extended to any
kind of noise by the use of copulas, as recently proposed in [33].
Finally, any stationary non-Gaussian non-linear Markov system can
be approximated by a CGPMSM, as proposed in [15] and applied
to smoothing in [4]. Thus “Double-EM” (DEM) and subsequent
unsupervised smoothing can be used once we are faced with data
produced by stationary Markov system - with or without switches -
of any form.
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